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Chapter 1
Introduction
The early excitements about string theory came from its possible ability to reconcile General
Relativity with Quantum Mechanics [1–3]. On the one hand, General Relativity explains the
behaviour of gravity at macroscopic scales. Among its main predictions one can cite the devia-
tion of light near a matter source, or the relativity and local dependence of time. On the other
hand Quantum Mechanics brought new insights in the structure of matter at microscopic scales,
and introduced the ideas of quantization and uncertainty. It explained the discrete spectrum of
hydrogenoid atoms, or the black body radiation. Quantum Mechanics was extended to Quantum
Field Theory to describe the interactions of particles when creation and annihilation processes
take place. Three of the four fundamental forces, electromagnetism, weak and strong interac-
tions, could be unified in the same Standard Model, a quantum field theory based on the gauge
group SU(3) × SU(2) × U(1). The Standard Model has given the most accurate results ever
predicted by a physical theory. However, it suffers from important drawbacks. The gauge group,
as well as the masses and coupling constants, are put “by hand”. Their values are measured,
and no internal principle can guide us to their origin. Moreover, the Standard Model is only
defined in flat space-time, which means that it says nothing about the other fundamental force,
gravity. General relativity describes with great accuracy the behaviour of gravity, but it does
not include any possible quantum effects of this interaction. It has become clearer and clearer,
for example regarding space-time singularities in black holes, that a quantum formulation of
gravity has to be discovered. Besides this, the constant progress of Physics towards unification
of all interactions is an indication that a formulation of the Standard Model where all forces are
treated on the same footing may exist. This is where string theory enters the game.
The fundamental object, the string, has dimension 1. The corresponding action is a Quantum
Field Theory on the world sheet swept by the strings as it moves in a D-dimensional space-
time. It has invariance under Poincare´ transformations, world sheet diffeomorphisms and Weyl
symmetry. If one considers superstrings, the world sheet action is extended to have invariance
under supersymmetry transformations. The mass of the string is determined in terms of its
internal oscillation degrees of freedom according to
M2 ∼ 1
α′
(N −A) (1.1)
where A is a constant of zero-energy and N is the number of oscillations. For the open string,
N is a general integer and A = 1, for the closed string N is even and A = 2. The ground
state (N = 0) is a tachyon and is projected out by supersymmetry. The first excited level has
zero-mass, and all other states have masses quantized in units of the Planck mass 1√
α′
∼ 1019
GeV. Of course, the massive states have no physical interest, and the particles of the Standard
Model are to be found in the massless sector.
One should stress that, in string theory, the dimension of space-time is not set by hand, but
is determined by consistency considerations. The Fock space contains states which, due to the
negative signature of space-time, have negative norms. Only in the particular case of D = 10
are these states absent. The massless physical states thus correspond to representations of the
7
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transverse group SO(8). It turns out that one can distinguish 5 different string theories. Here
we give their main characteristics and their bosonic massless spectra1.
Type I It is composed of open and unoriented closed strings, has N = 1 supersymmetry,
and contains the metric gMN , an antisymmetric tensor BMN , the dilaton φ, and 496 vectors
AaM with gauge group SO(32).
Heterotic SO(32) or E8 × E8 Heterotic theories are hybrids of closed strings and super-
strings. They have N = 1 supersymmetry, and contain the metric gMN , an antisymmetric tensor
BMN , the dilaton φ, and 496 vectors A
a
M with gauge group SO(32) or E8 × E8.
Type IIA It is made of closed strings, has N = 2 supersymmetry, contains the metric gMN ,
an antisymmetric tensor BMN , the dilaton φ, a vector AM and a 3-form CMNP .
Type IIB It is made of closed strings, has N = 2 supersymmetry, contains the metric gMN ,
an antisymmetric tensor BMN , the dilaton φ, a scalar l, a 2-form CMN and a 4-form AMNPQ
with self-dual field strength.
At first the fact that several consistent string theories could exist seemed unappealing, be-
cause string theory was supposed to unify all forces in a single framework, and this lack of
unicity was a serious drawback. But it was realized in the mid 90ies that several relations,
the dualities, hold between these 5 theories. In this thesis we will concentrate on one of these
dualities, mirror symmetry. Before describing it in more detail, we need to introduce the notion
of phenomenology and compactification in string theory.
If string theory is to be viable, then, in some limit to define, it should be able to reduce to
the Standard Model, which has given extremely accurate predictions for numerous experiments
up to now. The mass scale of string theory is of Planck order, and the masses that today’s
experiments can probe are of order 1 Tev, so it is obvious that only a low-energy limit of string
theory should give the Standard Model. As a first step, one restricts the spectrum to the massless
particles, which are the only plausible candidates for the known particles. In a second step one
needs to find a space-time action for these fields. To do so, one uses the constraints implied by
Weyl symmetry of the string action. The massless fields obtained in the various spectra of the 5
string theories can serve as coupling functions in the world sheet action. However, not all field
configurations preserve Weyl symmetry at the quantum level. There is a Weyl anomaly which
lies in the trace of the energy-momentum tensor and is absent only if the β-functions governing
the behaviour of each coupling vanish. This leads to a set of equations that take the form
of equations of motion. These equations in turn can be obtained from a variational principle
applied to a space-time action, the supergravity action. This new theory is the low-energy limit
of the corresponding string theory.
A fundamental issue is then the search for consistent solutions to these equations of motion,
called backgrounds or vacua. Finding a consistent background means giving vacuum expectation
values to all fields of the theory in such a way that the equations of motion are satisfied. A very
general supergravity describes the dynamics of a graviton, some p-forms, and a set of scalars (or
0-forms) in the bosonic sector, as well as their supersymmetry partners in the fermionic sector.
If one’s interest is restricted to massless fields without potential, flat Minkowski space-time with
vanishing values for all fields (other than the metric) is always a solution. However one may be
interested in more sophisticated backgrounds for which some fields acquire non vanishing values
and/or the metric is no longer flat.
Finding all solutions is of course an extremely difficult problem; one starts instead from
1Supersymmetry insures that there is an equal number of bosonic and fermionic degrees of freedom. The
fermionic spectra are generically composed of N gravitini and a number of spin 1/2 fermions such their degrees
of freedom match the bosonic ones.
9simplifying ansa¨tze. In the Kaluza-Klein (KK) framework, the geometry of the D-dimensional
space-time is that of a product of the space-time in d < D dimensions times an internal manifold.
Since in this thesis we want to consider theories in d = 4, the KK ansatz reads
M10 =M4 × I6 (1.2)
whereM10 is the product of the 4-dimensional space-timeM4 and an internal compact2 manifold
I6. On the fields, it amounts to a separation of space-time and internal variables. A 10-
dimensional field φˆ is expanded according to
φˆ(xˆ) = φn(x)hn(y) (1.3)
where x and y are the space-time and internal coordinates, and hn are harmonic functions on
the internal manifold.
The geometry of the internal space has to be consistent with Einstein’s equation
RMN = F
(i)
M..F
(i)..
N (1.4)
where RMN is the Ricci tensor and F
(i)
M.. is an i-form field strength. If one assumes that the field
strengths have no purely internal components, then the internal manifold has to be Ricci-flat.
Further information can be obtained by imposing a specific number of conserved supercharges
in 4 dimensions. Such a condition highly constrains the internal manifold. Take for instance
type II supergravities in 10 dimensions. These have invariance under the maximal number of
supercharges, that is, 32. If one wants to obtain an N = 2 supergravity in 4 dimensions, the
internal manifold has to preserve 1/4th of the supercharges. These manifolds are known as
Calabi-Yau spaces. Calabi-Yau compactifications do not produce any potential for the moduli,
the scalars that parameterize degenerate vacua. Consequently, the vacua correspond to arbitrary
constant values of the moduli and are degenerate. Moreover, N = 2 supersymmetry remains
completely unbroken.
However, for phenomenological reasons, it is interesting to look for vacua where N = 2 su-
persymmetry is partially or completely broken. To this end, one can relax the above constraints
for the field strengths and allow for some purely internal components. For consistency with
Bianchi Identities, the field strengths have to be expanded on the harmonic forms on the inter-
nal Calabi-Yau space, and the number of flux parameters is determined by the Betti number
of the cohomology class which is expanded on. The main features of the introduction of such
fluxes are the gauging of some isometries of the scalar manifold and the appearance of a scalar
potential. The minimum of this potential is generally obtained for non-vanishing values of the
scalars, and N = 2 supersymmetry is broken3.
Under the relaxed constraints including fluxes, it is interesting to study the fate of mirror
symmetry. Mirror symmetry is one of the dualities relating the 5 string theories in 10 dimensions.
In the case of type II theories, it states that type IIA supergravity on a Calabi-Yau 3-fold is the
same as type IIB on the mirror Calabi-Yau manifold, defined by the exchange of odd and even
cohomologies. This symmetry still holds when Ramond-Ramond (R-R) fluxes are turned on.
Recall that type II spectra are divided into two sectors. The Neveu-Schwarz (NS-NS) sector,
common to both type II theories, contains the metric, the dilaton, and an antisymmetric tensor
(or 2-form), while the R-R spectra contains only forms of different degrees, depending on the
type of the supergravity. In type IIA, the R-R sector contains a 4-form and a 2-form field
strengths. This means that the R-R fluxes lie in the even cohomologies. On the other side, in
2Recently it has been proposed that some non compact spaces may play the role of internal manifold, leading
to large extra dimensions of millimeter size. The mass scale of the string theory is no longer the Planck mass, but
a mass of order 1 Tev, which solves the hierarchy problem. We will not consider this formalism in the following,
and we refer the reader for example to refs [4,5].
3At generic points in the field space N = 2 supersymmetry is completely broken, but at some particular points
it can be either partially broken to N = 1 or completely unbroken [6].
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type IIB, the R-R field strengths are a 1-form, a 3-form, and a 5-form, and the corresponding
fluxes are found in the odd cohomologies. It can be checked by a KK reduction that the fluxes
are correctly mapped [7].
The case of the NS-NS fluxes is less clear. Since the only NS-NS form is a 3-form field strength
in both type IIA and IIB, the form fluxes should be found in the odd cohomologies in both cases,
and there is no possible mirror map. However, the mirror fluxes may lie in the other fields of
the NS-NS sector, the metric and the dilaton. This has led Vafa to conjecture that the mirror
manifold should no longer be Calabi-Yau, but should instead have a non-integrable complex
structure, and the fluxes would be expected to lead to this deformation of the geometry [8]. In
this thesis we will introduce new manifolds, called half-flat spaces, which we conjecture to be
the mirror image of a Calabi-Yau manifold when NS-NS fluxes are turned on. We will display
several checks for this conjecture, which are based on the papers [9] and [10].
Compactifications of N = 2 d = 10 supergravities will be the subject of the first two chapters.
These supergravities bear invariance under 32 supercharges. We will consider compactifications
on general manifolds with SU(3)-structure (which includes Calabi-Yau), and consequently we
will obtain (gauged or ungauged) N = 2 supergravities in 4 dimensions. Such theories contain
the gravity multiplet, as well as vector multiplets and hypermultiplets in the matter sector.
The couplings of these multiplets are characterized by two holomorphic homogeneous functions
of degree 2, the prepotentials F(X) and F(z), one describing each sector. The dynamics of
these theories is highly constrained by supersymmetry, but there is still room for the choice of
a prepotential. Supergravities with N > 2 are of course more constrained, and the maximal
N for which matter multiplets exist is N = 4. Thus N = 4 supergravities are of particular
interest. Their dynamics allows for matter multiplets, but their structure is quite simple since
entirely determined by supersymmetry. Although the action for this multiplet is known for quite
long [11,12], until recently a completely satisfactory formulation in superspace was still missing.
In [13], a set of constraints on the torsion was proposed, and it was argued that the resulting
multiplet should be equivalent to the one of [12]. The particular features of this formulation
were that it was making use of central charge superspace, and the vectors (graviphotons) were
identified in the components of the vielbein carrying central charge indices. However, a complete
proof of the equivalence between the two formalisms, in components and in superspace, was not
yet worked out. In this thesis, we will fill in this gap. We will compute the equations of motion
for all members of the multiplet in the superspace formalism, and we will show that they are
exactly the same as the one arising from the Lagrangian of [12]. These results were obtained
in [14].
In the second chapter, we describe in more detail the procedure of compactification, in gen-
eral, and then in the particular case of a Calabi-Yau manifold. The main features of these
compactifications in the case of type II theories are reviewed, the stress is put on the notion of
moduli space, and as a conclusion we display the map between type IIA and type IIB super-
gravities, illustrating mirror symmetry.
In the third chapter, we introduce the half-flat manifolds. We recall their properties relevant
to our purpose, and we motivate our conjecture by compactifying type IIA supergravity on
such manifolds and showing that it is equivalent to type IIB supergravity on a Calabi-Yau
manifold with NS-NS fluxes turned on. We then check the converse of the above procedure. We
compactify type IIB theory on a half-flat manifold, and we show that it is equivalent to type
IIA on a Calabi-Yau manifold with NS-NS fluxes turned on. We conclude with some conjectures
about the moduli space of half-flat manifolds and we try to give hints about possible ansa¨tze
for a description of the magnetic fluxes.
In chapter 4, we present our work on N = 4 supergravity in 4 dimensions. We recall how
the use of central charge superspace made it possible to identify the gravity multiplet in the
components of the vielbein and the torsion, and we show the equivalence with the formulation in
components by deriving the equations of motions for all members of the multiplet and identifying
them with the ones obtained from the Lagrangian of [12].
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Various elementary notions of differential geometry can be found in appendix A. Appendix
B contains basic properties of Calabi-Yau manifolds, and many formulae useful for the compact-
ification are gathered. In appendix C we briefly recall the compactification of type II theories on
Calabi-Yau manifolds with NS fluxes. In appendix D we review a few facts about G-structures
from the mathematical point of view. We present the computation of the Ricci scalar of half-
flat manifolds in appendix E. Finally, appendix F displays the components of the torsion and
curvature for N = 4 supergravity in central charge superspace.
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Chapter 2
Calabi-Yau compactifications
This section is a review of the compactification of type II supergravities on Calabi-Yau manifolds.
Such compactifications were first considered in [15] for type IIA and in [16] for type IIB, see [17]
for a review in more recent notations.
In the first part we recall briefly the basics of the theory of reduction a` la Kaluza-Klein,
first on the circle, and then on a general n-dimensional manifold. We emphasize the main
features of such reductions, and the relations between the topology of the internal manifold
and the properties of the 4-dimensional theory. Then we deal with the issue of supersymmetry
conservation during compactification which leads to the emergence of Calabi-Yau manifolds. We
describe in details the reduction of the Ricci scalar and we introduce the notion of moduli space.
In the second and the third parts, we turn to the compactification of the bosonic actions for
type IIA and IIB supergravities. We show how the fields arrange in supergravity multiplets and
we give the 4-dimensional action. We conclude by displaying the mirror map between the two
theories.
2.1 Kaluza-Klein compactification
2.1.1 Reduction on a circle
In the case of the compactification on a circle, the d space-time coordinates xˆM , split into one
set of d − 1 space-time coordinate xµ and one internal coordinate y, subject to the periodicity
condition y ∼ y + R where R is the radius of the circle. It is well known that with such a
periodicity property, any quantity Φˆ can be expanded on a basis of periodic functions
Φˆ(xˆ) =
∑
n
Φ˜n(x)e
in y
R (2.1)
where Φ˜n(x) is the Fourrier transform of Φˆ(xˆ). We note that the e
in y
R are solutions to Laplace
equation
∆ein
y
R =
∂2
∂y2
ein
y
R = − n
2
R2
ein
y
R (2.2)
with ”mass” n/R. In all that follows, we will only consider the low energy limits of string theory,
supergravities. Thus we will always truncate the summation at the massless level, which means
that we only keep the term with n = 0 in (2.2), called massless mode. For more details about the
consistency of this procedure, see [18] p.85 and references therein. As an example, we display
the massless reduction of the metric
gˆMN −→
(
gµν Vµ
Vµ φ
)
. (2.3)
13
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When the two indices are external, the d-dimensional metric becomes the (d − 1)-dimensional
one, when one index is external and one is internal, it has the index structure of a space-time
vector Vµ, and when the two indices are internal, it is a scalar φ. None of these new fields
depends on the internal coordinate y, which corresponds to a massless expansion. This leads,
up to field redefinitions, to the following expansion for the Ricci scalar
Rˆ = R+ FµνFµν + ∂µφ∂µφ (2.4)
where Fµν is the field strength of the vector Vµ. This is the action for gravity coupled to
electro-magnetism and an uncharged scalar.
2.1.2 Reduction on a compact manifold of dimension n
Kaluza-Klein reductions applied to supergravity have been described in details in [19,20]. Here
we only give the features that will be relevant to the next sections. The d space-time coordinates
xˆM , split into one set of d− n space-time coordinates xµ and one set of n internal coordinates
ym. Let us take the example of a scalar field Φˆ(xˆ). Suppose that the metric is block-diagonal,
which will always be the case from now on. Then the d-dimensional equation of motion can be
written as
∆ˆΦˆ = m2dΦˆ(xˆ) = ∆d−nΦˆ + ∆nΦˆ. (2.5)
where ∆d−n and ∆n are Laplacians in lower dimensions. The Kaluza-Klein ansatz on Φˆ reads
Φˆ(xˆM ) = φi(xµ)ωi(y
m) (2.6)
where ωi is a set of a priori unknown functions, counted by the index i. We assume that the
(d− n)-dimensional scalars φi also obey their usual field equation, which leads to
m2dφ
i(xµ)ωi(y
m) = m2d−nφ
i(xµ)ωi(y
m) + φi(xµ)∆n[ωi(y
m)]. (2.7)
This means that the functions ωi have to satisfy Laplace equation
∆nωi = (m
2
d −m2d−n)ωi. (2.8)
A result of differential analysis states that on a compact manifold, the eigenvalues of Laplace
operator ∆ are of the form n/S where S corresponds to the size of the manifold, and n is an
integer. Again, we will only consider massless expansions, for which n = 0. The unknown
functions are thus harmonic
∆ωi = 0. (2.9)
The bosonic fields of supergravities are either the metric or forms. The case of the metric is
described in section 2.1.4. For the forms, the above result generalizes in the following way. A
p-form Bˆp is expanded on all harmonic q-forms for 0 ≤ q ≤ p
Bˆp = B
i0
p ωi0 +B
i1
p−1ωi1 + ...+B
ip
0 ωip (2.10)
where ωi0 is a basis for the harmonic 0-forms and so on. For the definition of harmonicity on
forms, see appendix A.2.
2.1.3 Calabi-Yau requirement
Consider now a supergravity theory in 10 dimensions, compactified on a 6-dimensional compact
space. On the fermionic side, there is always a gravitino, whose supersymmetry transformation is
related to the covariant derivative of the parameter. Suppose we are looking for a supersymmetric
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background, then all vacuum values of transformations of fermionic fields must vanish. For the
gravitino, we obtain
< δΨˆM >=< DM ǫˆ >= 0, (2.11)
where ǫˆ is the supersymmetry parameter. We use the Kaluza-Klein ansatz for this spinor
ǫˆ(xˆ) = ǫ(x)η(y) (2.12)
where ǫ is a spinor in 4 dimensions, and η is a spinor on the internal space. If we take an internal
component in (2.11), we obtain that η must be covariantly constant
∇mη = 0. (2.13)
This is a very strong statement. For each covariantly constant spinor on the internal space,
there is one conserved supersymmetry in 4 dimensions. For type II theories, the Kaluza-Klein
ansatz reads
ǫˆA(xˆ) = ǫA(x)η(y) (2.14)
where A = 1, 2 counts the supersymmetry operators. Since we are interested in N = 2 super-
gravities in 4 dimensions, we must compactify on a space possessing one covariantly constant
spinor: such spaces are called Calabi-Yau manifolds. These manifolds have numerous interesting
properties. The fact that they admit one covariantly constant spinor restricts their holonomy
group to SU(3). They are complex, Ka¨hler and Ricci-flat. This is consistent with Einstein’s
equation which relates the Ricci tensor to squares of field strengths of forms appearing in the
spectra of type II supergravities
RˆMN ∼ FˆMPQ...FˆNPQ.... (2.15)
In the case of KK compactifications, the field strengths have no purely internal components,
which means that to be a solution to the equations of motions, the internal space must be Ricci-
flat. Among other properties, Calabi-Yau manifolds have one and only one covariantly constant
harmonic (3,0)-form, and their Hodge diamond has the form
1 b0 = 1
0 0 b1 = 0
0 h(1,1) 0 b2 = h(1,1)
1 h(2,1) h(2,1) 1 b3 = 2 + 2h(2,1)
0 h(1,1) 0 b4 = h(1,1)
0 0 b5 = 0
1 b6 = 1.
(2.16)
2.1.4 Moduli space
We have seen in section 2.1.2 that the general ansatz for the compactification of forms requires
expansion on harmonic forms on the Calabi-Yau manifold. This is in some sense also true for
the metric. When the two indices are external, we obtain the 4-dimensional metric. There
will be no components with one external and one internal index, because there are no 1-forms
on the Calabi-Yau (2.16). Now we are left with purely internal components. Solutions to
supergravities are generally not isolated, but come in continuous families, parameterized by
the moduli. The metric moduli are thus infinitesimal deformations of the internal metric that
conserve the Calabi-Yau conditions. Let us start from a background with hermitian metric
g0mn and define the metric on a Calabi-Yau manifold infinitesimally close to the first one by
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gmn = g
0
mn + δgmn. The constraint that the new manifold is Calabi-Yau can be expressed by
imposing Ricci-flatness. This gives Lichnerowicz equation
∇l∇lδgmn − [∇l , ∇m]δgln − [∇l , ∇n]δglm = 0. (2.17)
Considering the properties of the Riemann tensor of a Ka¨hler space A.5, we can see that, in
complex indices, this equation splits into one on the mixed part of the metric, and one on the
pure part. In the coordinates (A.38), the Ka¨hler class is directly related to the metric
Jαα¯ = igαα¯, (2.18)
so the mixed variations of the metric are Ka¨hler class deformations. Suppose we apply to the
metric a pure variation followed by a small change of coordinates fm in such a way that the
first variation is annihilated. Then we have
δgαβ =
∂f¯ α¯
∂zα
gα¯β +
∂f¯ α¯
∂zβ
gα¯α. (2.19)
This means that f cannot be holomorphic and the manifold obtained after a pure variation
δgαβ has a different complex structure. This is why such deformations are complex structure
deformations.
Obviously, (2.17) is Laplace equation (A.25), except that δgmn is not a form. Following this
idea, we expand the mixed component of δg on the (1,1)-forms on the Calabi-Yau
δgαβ¯ = −ivi(ωi)αβ¯ (2.20)
where vi are h(1,1) real scalars. ωi is harmonic, so it satisfies Laplace equation, and (2.20) solves
the mixed part of Lichnerowicz equation. Since there are no (2,0)-forms, and anyway δgαβ is
symmetric, it is not possible to expand it directly. We take instead
δgαβ =
i
||Ω||2 z¯
a(η¯a)αβ¯γ¯Ω
β¯γ¯
β , (2.21)
where Ω is the (3,0)-form and we have expanded on the (1, 2)-forms η¯a, with h
(2,1) scalar complex
coefficients z¯a. It is shown in appendix B.3 that this is symmetric and solution to (2.17). The
metric moduli space is thus generated by h(1,1)+2h(2,1) real parameters. For further information
about its structure, see appendix B.5.
We also need to compute the Ricci scalar in the 10-dimensional action. Since the moduli
are infinitesimal parameters, we make a perturbation expansion, and we keep all terms up to
order 2. The detailed calculation can be found in appendix B.4. Here we only display the result,
which, as might be expected from (2.4), shows the emergence of kinetic terms for the scalars
vi , za
∫
d10xˆ
√
−gˆRˆ = ∫ d4x√−g4 (KR4 + Pij∂µvi∂µvj +Qab∂µza∂µz¯b) (2.22)
where K is the volume of the Calabi-Yau manifold and the couplings are defined in (B.69) and
(B.70). The scalars are organized in two non-linear sigma models, whose metrics are both Spe-
cial Ka¨hler with Ka¨hler potentials (B.82) and (B.93). The whole moduli space has the structure
of a product of two Special Ka¨hler manifolds, one corresponding to the Ka¨hler class defor-
mations M1,1, of complex1 dimension h(1,1), and one corresponding to the complex structure
deformations M2,1 of complex dimension h(2,1)
M =M1,1 ×M2,1. (2.23)
1Once the B2 moduli are taken into account as in (B.79).
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2.2 Compactification of type IIA supergravity
2.2.1 Reduction of the Ricci scalar and the dilaton
As we will see in the next sections, there is a part of the Lagrangian which is common to
type IIA and type IIB supergravities. This comes from the fact that the spectrum of both
theories is composed of two sets of fields, the R-R and the NS-NS fields. Type IIA and type
IIB supergravities have the same NS-NS spectrum, but differ in the R-R sector. Thus their
NS-NS Lagrangian is identical. It contains the graviton gˆMN , the dilaton φˆ, and the NS 2-form
Bˆ2. Later on in this thesis, we will be interested in turning on fluxes for some forms, including
Bˆ2, such that the part of the Lagrangian which contains only the graviton and the dilaton will
always be compactified in the same way. This procedure is described below. The action we will
study is
S =
∫
e−2φˆ
(
−1
2
Rˆ ∗1+ 2dφˆ ∧ ∗dφˆ
)
. (2.24)
Remark that the kinetic term for the scalars has a wrong sign. This is because this action is
written in the string frame. We will now perform a Weyl rescaling on (2.24) to go to Einstein’s
frame. Recall also that formula (B.68) is only true up to total derivatives, which means that it
is not possible to use it directly as it stands in the string frame.
1st step : going to Einstein’s frame
We perform the Weyl rescaling (A.8) with Ω = e−φˆ/4. We obtain
S =
∫
−1
2
Rˆ ∗1− 1
4
dφˆ ∧ ∗dφˆ. (2.25)
Here we have to be careful about the fact that under this rescaling, the determinant of the
metric and the inverse metrics used to contract indices are not written explicitly, but should be
transformed. Remark that now the kinetic term for the dilaton has a correct sign.
2nd step : compactifying
We use formula (B.68). This leads to
S =
∫
−1
2
KR ∗1−K1
4
dφˆ ∧ ∗dφˆ− 1
2
Pijdv
i ∧ ∗dvj
−1
2
Qabdz
a ∧ ∗dz¯b, (2.26)
where the integral is now only on the 4-dimensional space-time.
3rd step : Weyl rescaling for the volume K
In order to have the usual normalization for the Ricci scalar, we perform the Weyl rescaling
(A.8) with Ω = K 12 . We obtain
S =
∫
−1
2
R ∗1− 3
4
d lnK ∧ ∗d lnK − 1
4
dφˆ ∧ ∗dφˆ− 1
2KPijdv
i ∧ ∗dvj
− 1
2KQabdz
a ∧ ∗dz¯b. (2.27)
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4th step : rotation of the vi
We realize now a rotation of the vi. The purpose is to eliminate the term d lnK∧ ∗d lnK which
is not a new scalar, but depends on the vi. We define
vi = e−
1
2
φˆv˜i. (2.28)
Considering that the basis forms are independent of vi, we find the following transformation
rules for the integrals defined in appendix B.2
Kijk = K˜ijk ; Kij = e−
1
2
φˆK˜ij
Pij = e
− 1
2
φˆP˜ij ; Ki = e−φˆK˜i (2.29)
K = e− 32 φˆK˜ ; gαβ¯ = e−
1
2
φˆg˜αβ¯ ,
the last equation holding because the volume is an integral on
√
g6 which is of order 3 in the
metric with lower indices. Performing a careful counting of the number of lower metrics in Qab,
we find
Qab = e
− 3
2
φˆQ˜ab. (2.30)
The transformation of the kinetic terms for the vi is
1
2KPij∂v
i∂vj = g˜ij∂v˜
i∂v˜j − 1
2
∂ ln K˜∂ ln K˜ + 5
4
∂ ln K˜∂φˆ− 15
16
∂φˆ∂φˆ (2.31)
where the metric gij is given in (B.22) and we have used
K˜i∂v˜i = 2∂K˜. (2.32)
Finally we obtain the action
S =
∫
−1
2
R ∗1− dφ ∧ ∗dφ− gijdvi ∧ ∗dvj
−gabdza ∧ ∗dz¯b. (2.33)
Here we defined the 4-dimensional dilaton by
φ = φˆ− 1
2
ln K˜, (2.34)
we dropped the tildes, and the metric for the scalars za is
gab =
1
2KQab. (2.35)
The metrics gij and gab exhibit properties detailed in appendix B.5.
2.2.2 Matter part of type IIA supergravity
In this section we recall the known results of type IIA supergravity compactified on a Calabi-Yau
threefold Y . The NS-NS spectrum consists of the graviton, the dilaton, a 2-form Bˆ2, and the
R-R spectrum contains a 1-form Aˆ1 and a 3-form Cˆ3. We start from the following action in 10
dimensions
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S =
∫
e−2φˆ
(
−1
2
Rˆ ∗1+ 2dφˆ ∧ ∗dφˆ− 1
4
Hˆ3 ∧ ∗Hˆ3
)
−1
2
∫ (
Fˆ2 ∧ ∗Fˆ2 + Fˆ4 ∧ ∗Fˆ4
)
+
1
2
∫
Hˆ3 ∧ Cˆ3 ∧ dCˆ3 , (2.36)
where
Hˆ3 = dBˆ2 , Fˆ2 = dAˆ1 , Fˆ4 = dCˆ3 − Aˆ1 ∧ Hˆ3, (2.37)
and we will follow the above procedure step by step. From now on we will not display the part
with the graviton and the dilaton whose behaviour has been studied in the previous section.
1st step : going to the Einstein’s frame
We perform the Weyl rescaling (A.8) with Ω = e−φˆ/4. We obtain
S = −1
4
∫
e−φˆHˆ3 ∧ ∗Hˆ3 − 1
2
∫
e
3
2
φˆFˆ2 ∧ ∗Fˆ2 − 1
2
∫
e
1
2
φˆFˆ4 ∧ ∗Fˆ4
+
1
2
∫
Hˆ3 ∧ Cˆ3 ∧ dCˆ3 , (2.38)
where the Chern-Simons term remains unchanged because it does not contain any metric.
2nd step : expanding
In the KK reduction we expand the ten-dimensional fields in terms of harmonic forms on Y
Aˆ1 = A
0 ,
Cˆ3 = C3 +A
i ∧ ωi + ξAαA + ξ˜AβA , (2.39)
Bˆ2 = B2 + b
iωi ,
where C3 is a 3-form, B2 a 2-form, (A
0, Ai) are 1-forms and bi, ξA, ξ˜A are scalar fields in D = 4.
The ωi are a basis for the harmonic (1, 1)-forms and (αA , β
A) a basis for the harmonic 3-forms,
see appendix B.2. All these 4-dimensional fields are organized in supergravity multiplets. The
gravity multiplet contains the metric gµν and the graviphoton A
0. The h(1,1) vectors Ai, together
with the 2h(1,1) scalars vi, bi belong to h(1,1) vector multiplets. The rest of the fields only consists
of scalars. Therefore all these scalars belong to hypermultiplets. Indeed, C3 is non dynamical
in 4 dimensions, and B2 is dual to a scalar a. Collecting the remaining 4h
(2,1) +4 scalars φ, za,
a, ξA and ξ˜A, we obtain h
(2,1) + 1 hypermultiplets. Since the harmonic forms are closed, the
differential operator d acts only on the space-time forms
dAˆ1 = dA
0 (2.40)
dCˆ3 = dC3 + dA
i ∧ ωi + dξA ∧ αA + dξ˜A ∧ βA (2.41)
Hˆ3 = H3 + db
i ∧ ωi. (2.42)
The terms of (2.38) are thus expanded according to
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− 1
4
e−φˆ
∫
Y
Hˆ3 ∧ ∗Hˆ3 = −K
4
e−φˆH3 ∧ ∗H3 −Ke−φˆgijdbi ∧ ∗dbj (2.43)
−1
2
e
3
2
φˆ
∫
Y
Fˆ2 ∧ ∗Fˆ2 = −K
2
e
3
2
φˆ dA0 ∧ ∗dA0 , (2.44)
−1
2
e
1
2
φˆ
∫
Y
Fˆ4 ∧ ∗Fˆ4 = −K
2
e
1
2
φˆ (dC3 −A0 ∧H3) ∧ ∗(dC3 −A0 ∧H3)
−2Ke 12 φˆgij(dAi −A0dbi) ∧ ∗(dAj −A0dbj)
+
1
2
e
1
2
φˆ
(
ImM−1)AB [dξ˜A +MACdξC] ∧ ∗[dξ˜B + M¯BDdξD] ,
1
2
∫
Y
Hˆ3 ∧ Cˆ3 ∧ dCˆ3 = −1
2
H3 ∧ (ξAdξ˜A − ξ˜AdξA) + 1
2
dbi ∧Aj ∧ dAkKijk . (2.45)
where the integration on the internal manifold has been carried out and the matrixM is defined
in appendix B.5.
3rd step : Weyl rescaling for the volume K
In order to recover a standard kinetic term for gravity, we need to perform a Weyl rescaling
with Weyl factor K 12
− 1
4
e−φˆ
∫
Y
Hˆ3 ∧ ∗Hˆ3 = −K
2
4
e−φˆH3 ∧ ∗H3 − e−φˆgijdbi ∧ ∗dbj (2.46)
−1
2
e
3
2
φˆ
∫
Y
Fˆ2 ∧ ∗Fˆ2 = −K
2
e
3
2
φˆ dA0 ∧ ∗dA0 , (2.47)
−1
2
e
1
2
φˆ
∫
Y
Fˆ4 ∧ ∗Fˆ4 = −K
3
2
e
1
2
φˆ (dC3 −A0 ∧H3) ∧ ∗(dC3 −A0 ∧H3)
−2Ke 12 φˆgij(dAi −A0dbi) ∧ ∗(dAj −A0dbj)
+
1
2Ke
1
2
φˆ
(
ImM−1)AB [dξ˜A +MACdξC] ∧ ∗[dξ˜B + M¯BDdξD] ,
1
2
∫
Y
Hˆ3 ∧ Cˆ3 ∧ dCˆ3 = −1
2
H3 ∧ (ξAdξ˜A − ξ˜AdξA) + 1
2
dbi ∧Aj ∧ dAkKijk . (2.48)
4th step : rotation of the vi
Counting the powers of the metric in the definition of M as an integral, we can deduce that
M is invariant under this rotation. Once everything is written in terms of the 4-dimensional
dilaton, we obtain
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− 1
4
e−φˆ
∫
Y
Hˆ3 ∧ ∗Hˆ3 = −1
4
e−4φH3 ∧ ∗H3 − gijdbi ∧ ∗dbj (2.49)
−1
2
e
3
2
φˆ
∫
Y
Fˆ2 ∧ ∗Fˆ2 = −K
2
dA0 ∧ ∗dA0 , (2.50)
−1
2
e
1
2
φˆ
∫
Y
Fˆ4 ∧ ∗Fˆ4 = −K
2
e−4φ (dC3 −A0 ∧H3) ∧ ∗(dC3 −A0 ∧H3)
−2Kgij(dAi −A0dbi) ∧ ∗(dAj −A0dbj)
+
1
2
e2φ
(
ImM−1)AB [dξ˜A +MACdξC] ∧ ∗[dξ˜B + M¯BDdξD] ,
1
2
∫
Y
Hˆ3 ∧ Cˆ3 ∧ dCˆ3 = −1
2
H3 ∧ (ξAdξ˜A − ξ˜AdξA) + 1
2
dbi ∧Aj ∧ dAkKijk . (2.51)
With these expressions we can now combine the different terms appearing in the action (2.36)
The dualization of the 3-form C3 in 4 dimensions produces a contribution to the cosmological
constant. As shown in [21] this constant can be viewed as a specific RR-flux. Since we are not
interested in RR-fluxes here we choose it to be zero and hence discard the contribution of C3 in
4 dimensions. Thus the only thing we still need to do in order to recover the standard spectrum
of N = 2 supergravity in 4 dimensions is to dualize the 2-form B2 to the axion a. The action
for B2 is
LH3 = −
1
4
e−4φH3 ∧ ∗H3 + 1
2
H3 ∧
(
ξ˜Adξ
A − ξAdξ˜A
)
. (2.52)
Counting the degrees of freedom of B2, we know that it should be dual to a scalar a, called the
axion. We add to (2.52) the term
+
1
2
H3 ∧ da (2.53)
which realizes the Bianchi identity of B2 as an equation of motion for a. H3 can consequently
be considered as a fundamental field, and eliminated through its equation of motion
−1
2
e−4φ ∗H3 + 1
2
(
da+ ξ˜Adξ
A − ξAdξ˜A
)
= 0. (2.54)
The Lagrangian for a becomes
La = −1
4
e+4φ
(
da+ ξ˜Adξ
A − ξAdξ˜A
)
∧ ∗
(
da+ ξ˜Adξ
A − ξAdξ˜A
)
. (2.55)
The usual N = 2 supergravity couplings can be read off after redefining the gauge fields Ai →
Ai − biA0 and introducing the collective notation AI = (A0, Ai) where I = (0, i) = 0, . . . , h(1,1).
Collecting all terms from (2.49)-(2.51) and taking into account the gravity sector 2.33, we
obtain
SIIA =
∫ [
− 1
2
R∗1− gijdti ∧ ∗dt¯j − huvdqu ∧ ∗dqv
+
1
2
ImNIJF I ∧ ∗F J + 1
2
ReNIJF I ∧ F J
]
, (2.56)
where the gauge coupling matrix N is defined in appendix B.5, the scalars bi coming from the
NS 2-form and vi from the Ka¨hler class deformations are complexified into ti = bi+ ivi, and huv
is the σ-model metric for the scalars in the hypermultiplets [22]
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huvdq
u ∧ ∗dqv = dφ ∧ ∗dφ+ gabdza ∧ ∗dz¯b (2.57)
+
e4φ
4
[
da+ (ξ˜Adξ
A − ξAdξ˜A)
]
∧ ∗
[
da+ (ξ˜Adξ
A − ξAdξ˜A)
]
−e
2φ
2
(
ImM−1)AB [dξ˜A +MACdξC] ∧ ∗[dξ˜B + M¯BDdξD] .
2.3 Compactification of type IIB supergravity
In this section we recall the KK compactification of type IIB supergravity on a Calabi-Yau 3-
fold Y˜ . The 10 dimensional bosonic spectrum of type IIB supergravity consists of the metric gˆ,
the antisymmetric tensor field Bˆ2 and the dilaton φˆ in the NS-NS sector, an axion lˆ, a 2-form
Cˆ2 and a 4-form Aˆ4 with self-dual field strength ∗Fˆ5 = Fˆ5 in the R-R sector. No local covariant
action can be written for this theory in 10 dimensions due to the self-duality of Fˆ5. Instead we
use the action [3]
S
(10)
IIB =
∫
e−2φˆ
(
−1
2
Rˆ ∗1+ 2dφˆ ∧ ∗dφˆ− 1
4
dBˆ2 ∧ ∗dBˆ2
)
−1
2
∫ (
dlˆ ∧ ∗dlˆ + Fˆ3 ∧ ∗Fˆ3 + 1
2
Fˆ5 ∧ ∗Fˆ5
)
−1
2
∫
Aˆ4 ∧ dBˆ2 ∧ dCˆ2, (2.58)
where
Fˆ3 = dCˆ2 − lˆHˆ3 (2.59)
Fˆ5 = dAˆ4 − dBˆ2 ∧ Cˆ2 , (2.60)
and impose the self-duality of Fˆ5 separately, at the level of the equations of motion. The
compactification proceeds as usual, by following the steps of the above sections. However, we
will skip the steps that are not essential to our purpose.
We expand the 10-dimensional quantities in terms of harmonic forms on the Calabi-Yau
manifold as
Bˆ2 = B2 + b
i ∧ ωi , i = 1, . . . , h(1,1) , (2.61)
Cˆ2 = C2 + c
i ∧ ωi ,
Aˆ4 = D
i
2 ∧ ωi + ρi ∧ ω˜i + V A ∧ αA − UA ∧ βA , A = 1, . . . , h(2,1) ,
where B2, C2,D
i
2 are two-forms, V
A, UA are one-forms and b
i, ci, ρi are scalar fields in D = 4.
Only half of the fields in the expansion of Aˆ4 are independent due to the self-duality of Fˆ5. We
choose to keep ρi and V
A as independent fields. The 4-dimensional spectrum arranges as follows.
The gravity multiplet contains the metric gµν and the graviphoton V
0. The h(2,1) vectors V a,
together with the 2h(2,1) scalars za belong to h(2,1) vector multiplets. Again, the rest of the fields
only consists of scalars which go to hypermultiplets. Indeed, C2 and B2 are dual to two scalars
h1, h2. Collecting the remaining 4h
(1,1) + 4 scalars φ, bi, vi, ci, h1, h2, l, ρ
i, we obtain h(1,1) + 1
hypermultiplets. For the field strengths, this gives
Hˆ3 = H3 + db
i ∧ ωi (2.62)
dCˆ2 = dC2 + dc
i ∧ ωi (2.63)
dAˆ4 = dD
i
2 ∧ ωi + dρi ∧ ω˜i + FA ∧ αA −GA ∧ βA.
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where FA = dV A and GA = dUA. For Fˆ5, this leads to
Fˆ5 = F
A ∧ αA −GAβA +
(
dDi2 − dbi ∧ C2 − ciH3
) ∧ ωi
+dρi ∧ ω˜i − cidbj ∧ ωi ∧ ωj. (2.64)
The straightforward expansion reads
− 1
4
∫
Y
Hˆ3 ∧ ∗Hˆ3 = −K
4
H3 ∧ ∗H3 −Kgijdbi ∧ ∗dbj (2.65)
−1
2
∫
Y
dlˆ ∧ ∗dlˆ = −K
2
dl ∧ ∗dl , (2.66)
−1
2
∫
Y
Fˆ3 ∧ ∗Fˆ3 = −K
2
(dC2 − lH3) ∧ ∗(dC2 − lH3)
−2Kgij(dci − ldbi) ∧ ∗(dcj − ldbj) (2.67)
−1
4
∫
Y
Fˆ5 ∧ ∗Fˆ5 = +1
4
ImM−1
(
G˜−MF˜
)
∧ ∗
(
G˜− M¯F˜
)
−KgijdD˜i2 ∧ ∗dD˜j2 −
1
16Kg
ijdρ˜i ∧ ∗dρ˜j (2.68)
−1
2
∫
Y
Aˆ4 ∧ Hˆ3 ∧ dCˆ2 = −1
2
KijkDi2 ∧ dbj ∧ dck −
1
2
ρi
(
dB2 ∧ dci + dbi ∧ dC2
)
(2.69)
with
dD˜i2 = dD
i
2 − dbi ∧ C2 − cidB2 (2.70)
dρ˜i = dρi −Kiklckdbl. (2.71)
The self-duality of Fˆ5 implies that only half of the fields appearing in the expansion of Aˆ4 in
(2.61) are independent. Thus the expansion above cannot be used directly. On the other hand,
we cannot impose the self-duality
Fˆ5 = ∗Fˆ5 (2.72)
in the action because the kinetic term Fˆ5 ∧ ∗Fˆ5 would vanish. In this thesis we want to show
two different but equivalent strategies to discard half of the fields in Aˆ4. The first one starts by
writing a general Lagrangian involving the remaining terms, and then identifying the reduced
10-dimensional equations of motion with the 4-dimensional ones calculated from the general
Lagrangian. To make this more precise, we decide to discard first Di2, using the self-duality
dD˜i2 =
1
4Kg
ij ∗ dρ˜j . (2.73)
From looking at all possible terms, we can infer the following Lagrangian
Linf = k1gij(dρi −Kiklckdbl) ∧ ∗(dρj −Kjpqcpdbq)
+k3dρi ∧ (cidB2 + dbi ∧ C2) + k4KijkcicjdB2 ∧ dbk. (2.74)
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From the action (2.58), we derive the 10-dimensional equation of motion for Cˆ2, in the limit
where lˆ = 0, φˆ is constant and the metric is flat,
d ∗ dCˆ2 = Fˆ5 ∧ dBˆ2 (2.75)
where we have used (2.72). This equation has two components (4, 4) and (2, 6), where (e, i)
means order e in space-time indices and order i in internal indices. The component (4, 4) reads
(after integration over the internal manifold)
d ∗ dci = − 1
16K2 g
ilgpkKlpjdbj ∧ ∗dρ˜k + 1
4Kg
ijdρ˜j ∧ dB2. (2.76)
The kinetic term for ci can be read off in (2.67), and the identification with the equation
calculated from Linf gives the values
k1 = − 1
8K ; k3 = −1 ; k4 = −
1
2
. (2.77)
After integration over the internal manifold, the component (2, 6) reads
Kd ∗ dC2 = dρ˜i ∧ dbi. (2.78)
The identification with the equation calculated from Linf gives again k3 = −1. To deal with the
vectors, we choose to display an other strategy. We take the Lagrangian from the expansions
(2.68) and (2.69)
LFA = +
1
4
ImM−1 (G−MF ) ∧ ∗ (G− M¯F ) . (2.79)
For the same reason as above, it is not possible to impose the self-duality of Fˆ5
∗G = ReM∗ F − ImMF (2.80)
G = ReMF + ImM∗ F (2.81)
directly. First we add the total derivative
+
1
2
FA ∧GA , (2.82)
and we remark that the equation of motion of GA is exactly (2.80), so the self-duality will be
taken into account in a non-trivial way once GA is eliminated with its equation of motion. We
find
LFA = +
1
2
ImMABFA ∧ ∗FB + 1
2
ReMABFA ∧ FB . (2.83)
Finally, after the Weyl rescaling of the volume and the rotation of vi, the whole action is
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S
(4)
IIB =
∫
−1
2
R ∗1− gabdza ∧ ∗dz¯b − gijdti ∧ ∗dt¯j − dφ ∧ ∗dφ
−1
4
e−4φdB2 ∧ ∗dB2 − 1
2
e−2φK (dC2 − ldB2) ∧ ∗ (dC2 − ldB2)
−1
2
Ke2φdl ∧ ∗dl − 2Ke2φgij
(
dci − ldbi) ∧ ∗ (dcj − ldbj)
−e
2φ
8K g
−1 ij
(
dρi −Kiklckdbl
)
∧ ∗ (dρj −Kjmncmdbn)
+
(
dbi ∧ C2 + cidB2
) ∧ (dρi −Kijkcjdbk)+ 1
2
KijkcicjdB2 ∧ dbk
+
1
2
ReMABFA ∧ FB + 1
2
ImMABFA ∧ ∗FB . (2.84)
Now we want to dualize the 2-forms C2 and B2 with scalar duals h1 and h2. We add first
+dC2 ∧ dh1 (2.85)
and the Lagrangian of interest for C2 is
LC2 = −
1
2
e−2φK (dC2 − ldB2) ∧ ∗ (dC2 − ldB2)
−bidC2 ∧ dρi + dC2 ∧ dh1. (2.86)
We eliminate dC2 with its equation of motion and we find
Lh1 = −
1
2Ke
2φ
(
dh1 − bidρi
) ∧ ∗ (dh1 − bjdρj)
+ldB2 ∧
(
dh1 − bidρi
)
. (2.87)
Repeating the same procedure with B2, we obtain the action for type IIB supergravity on a
Calabi-Yau manifold
S
(4)
IIB =
∫
−1
2
R ∗1− gabdza ∧ ∗dz¯b − gijdti ∧ ∗dt¯j − dφ ∧ ∗dφ
−e
2φ
8K g
−1 ij
(
dρi −Kiklckdbl
)
∧ ∗ (dρj −Kjmncmdbn)
−2Ke2φgij
(
dci − ldbi) ∧ ∗ (dcj − ldbj)− 1
2
Ke2φdl ∧ ∗dl
− 1
2Ke
2φ
(
dh1 − bidρi
) ∧ ∗ (dh1 − bjdρj)
−e4φDh˜ ∧ ∗Dh˜
+
1
2
ReMABFA ∧ FB + 1
2
ImMABFA ∧ ∗FB (2.88)
with
Dh˜ = dh2 + ldh1 + (c
i − lbi)dρi − 1
2
Kijkcicjdbk. (2.89)
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2.4 Mirror symmetry
Comparing the field content for the reduced type IIA and type IIB, comes the striking fact that
the spectra are almost identical. The only difference lies in the number of vector and hypermul-
tiplets. For type IIA, we found h(1,1) vector multiplets and h(2,1) + 1 hypermultiplets. For type
IIB, it is exactly the other way around : h(2,1) vector multiplets and h(1,1) + 1 hypermultiplets.
This strongly suggests that, defining the ”mirror” manifold Y˜ of Y by
Y˜ :
{
h˜(1,1) = h(2,1)
h˜(2,1) = h(1,1),
(2.90)
type IIA compactified on Y would be identical to type IIB on Y˜ . Moreover, when we compare
(2.88) and (2.56), we can see that in the sector of the vectors the identification of the two
matrices N and M is required. In order to prove that type IIA and type IIB are mirror image
of each other, we need to show that this identification still holds for the hypermultiplets. Thus
we expect to find, up to some field redefinitions, the metric for the hypermultiplets in type IIB
h˜uvdq
u ∧ ∗dqv = gijdti ∧ ∗dt¯j + dφ ∧ ∗dφ
+
e4φ
4
[
da+ (ξ˜Idξ
I − ξIdξ˜I)
]
∧ ∗
[
da+ (ξ˜Jdξ
J − ξJdξ˜J)
]
−e
2φ
2
(
ImN−1)IJ [dξ˜I +NIKdξK] ∧ ∗[dξ˜J + N¯JLdξL] . (2.91)
Guided by the powers of the dilaton and the explicit expressions for the matrix N (B.85) and
(B.86), we decompose the last line into
(
ImN−1)IJ [dξ˜I +ReNIKdξK] ∧ ∗[dξ˜J +ReNJLdξL] (2.92)
+ ImNIJdξI ∧ ∗dξJ (2.93)
and we expand
ImNIJdξI ∧ ∗dξJ = −4Kgij
(
dξi − bidξ0) ∧ ∗ (dξj − bjdξ0)−Kdξ0 ∧ ∗dξ0 (2.94)
This suggests to map
l ←→ ξ0 (2.95)
lbi − ci ←→ ξi. (2.96)
In (2.92), the part of the component of
(
ImN−1)ij which only contains the inverse metric gij
reads
− 1
4Kg
ij
[
dξ˜i +ReNiKdξK
]
∧ ∗
[
dξ˜j +ReNjLdξL
]
. (2.97)
This leads to the identification
dρi −Kiklckdbl ←→ dξ˜i +ReNiKdξK (2.98)
which yields, with (2.95) and (2.96),
ρi +
1
2
Kiklbkbll −Kiklckbl ←→ ξ˜i. (2.99)
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The rest of (2.92) can be written
− 1K
[
dξ˜0 +ReN0KdξK + bi(dξ˜i +ReNiKdξK)
]
∧ ∗
[
dξ˜0 +ReN0LdξL + bj(dξ˜j +ReNjLdξL)
]
,
where ξ˜0 is identified as
−h1 + 1
2
Kiklbibkcl − 1
6
Kiklbibkbll←→ ξ˜0. (2.100)
The last of these redefinitions corresponds to the term
−e
4φ
4
[
da+ (ξ˜Idξ
I − ξIdξ˜I)
]
∧ ∗
[
da+ (ξ˜Jdξ
J − ξJdξ˜J)
]
(2.101)
and gives us a
2h2 + lh1 + ρi(c
i − lbi)←→ a. (2.102)
Expressing the action (2.88) in this new set of fields, we finally find the mirror of (2.56)
SIIA =
∫ [
− 1
2
R∗1− gabdza ∧ ∗dz¯b − h˜uvdqu ∧ ∗dqv
+
1
2
ImMABFA ∧ ∗FB + 1
2
ReMABFA ∧ FB
]
(2.103)
with h˜uv given in (2.91). The matrices M and N have the explicit expressions (B.84) and
(B.111) which we recall here
NIJ = F¯IJ + 2i
XM ImFMNXN ImFIKX
KImFJLXL
MAB = F¯AB + 2i
zEImFEGzG ImFACz
CImFBDzD. (2.104)
in terms of prepotentials F depending holomorphically on the coordinates zA = (1, za) and
XI = (1, ti). The Ka¨hler potentials can also be written using the prepotentials according to
e−KA = i
(
X¯IFI −XI F¯I
)
e−KB = i
(
z¯AFA − zAF¯A
)
,
and are obviously mapped. To sum up, mirror symmetry states that type IIA on some Calabi-
Yau manifold Y is the same as type IIB on the mirror manifold Y˜
IIA/Y ←→ IIB/Y˜ (2.105)
with Y˜ obtained from Y by exchanging the even and odd cohomology classes following (2.90).
This equivalence can be checked at the level of the supergravity by performing KK expansions
of the type IIA and type IIB actions in 10 dimensions. The resulting actions are equivalent once
the gauge coupling matrices N and M are mapped.
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Chapter 3
Generalized Calabi-Yau
compactifications
Let us review the main results of last chapter. In ten space-time dimensions there exist two in-
equivalent N = 2 supergravities denoted type IIA and type IIB. Both theories have the maximal
amount of 32 local supersymmetries but they differ in their field content [1–3]. Phenomenolog-
ically interesting backgrounds correspond to compactifications on R1,3 × Y where R1,3 is the
four-dimensional Minkowski space while Y is a compact six-dimensional Euclidean manifold.
The amount of supersymmetry which is left unbroken by the background depends on the holon-
omy group. The maximal holonomy group for a metric-compatible connection is SO(6). It
breaks all 32 supercharges whereas only some of the supercharges are broken by any of its sub-
groups. Calabi–Yau threefolds are a particularly interesting class of compactification manifolds
as their holonomy group is SU(3) and as a consequence they preserve only eight supercharges
(2.14).
In a KK compactification on a Calabi–Yau threefold, the light modes of the effective theory
are the coefficients of an expansion on solutions to Laplace equation with zero mass on Y .
Such harmonic forms are the non-trivial elements of the cohomology groups H(p,q)(Y ). The
interactions of the light modes are captured by a low-energy effective Lagrangian Leff which can
be computed via a KK
reduction of the ten-dimensional Lagrangian. The resulting theory is a four-dimensional
N = 2 supergravity coupled to vector- and hypermultiplets [15–17, 23–27]. Mirror symmetry
relates the effective theories of type IIA and type IIB in 4 dimensions. Type IIA compactified on
Y is equivalent to type IIB compactified on the mirror manifold Y˜ [28] defined by the exchange
of the even and odd cohomology groups according to H(1,1)(Y )↔ H(2,1)(Y˜ ) and vice-versa.
From the phenomenology point of view, one drawback of Calabi-Yau compactifications is
the absence of a scalar potential lifting the vacuum degeneracy. One possible way to obtain a
scalar potential is to include background fluxes. Type II supergravities contain several kinds of
(p − 1)-forms Cp−1 with p-form field strengths Fp = dCp−1. When the exterior derivative d is
applied to such a form, expanded according to (2.10), it only acts on the space-time coefficients,
due to harmonicity of the internal forms. Hence it is impossible to have a term with a space-time
0-form coefficient in the expansion of a field strength. However, remembering that a harmonic
form is locally exact, one can consider a term of the form
Fp = eiω
i
p , (3.1)
where ωi = dχi is only true locally. Since we want Fp to be the exterior derivative of some form,
ei must be a constant, called a background flux. The name ”background” comes from the fact
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that such a term gives a background value to the field strength1∫
γip
Fp = ei . (3.2)
where γip is a p-cycle in Y Poincare´-dual to ω
i
p. For consistency it should be required that χ
i
never appear explicitly in the action. This is easily achieved if the form Cp−1 only participate
to the action through its field strength Fp. We will always consider this case in the following.
Recently generalized Calabi–Yau compactifications of type II string theories have been con-
sidered where background fluxes for the field strengths Fp are turned on [6, 7, 29–36].
Due to a Dirac condition, the fluxes ei are quantized in string theory. They are thus integers
and their number is given by the Betti number hp. However, in the supergravity approximation
the fluxes can be considered as continuous parameters which represent a small perturbation of the
original Calabi-Yau compactification. The light modes are no longer massless but acquire masses
depending continuously on the fluxes. Nevertheless their induced masses are much smaller
than the ones of the heavy KK states of order the compactification scale. The field content
is consequently unchanged, and the interactions of the light modes continue to be captured
by an effective Lagrangian Leff which describes the dynamics of the fluctuations around the
background values of the theory in the absence of fluxes. The fluxes appear as gauge or mass
parameters and deform the original supergravity into a gauged or massive supergravity. They
introduce a non-trivial potential for some of the massless fields and spontaneously break (part
of) the supersymmetry.
Leff has been computed in various situations. In refs. [7, 30, 31, 35] type IIB compactified
on Calabi-Yau threefolds Y˜ in the presence of RR-three-form flux F3 and NS-three-form flux
H3 was derived. In refs. [7, 29, 34] type IIA compactified on the mirror manifold Y with RR-
fluxes F0, F2, F4 and F6 present was considered. The resulting low-energy effective action was
equivalent to the type IIB action on the mirror manifold Y˜ with F3 non-zero, but H3 = 0 [7].
As expected given the matching of odd and even cohomologies on mirror pairs, the type IIB
RR-fluxes F3 in the third cohomology group H
3(Y˜ ) are mapped to the type IIA RR-fluxes in
the even cohomology groups H0(Y ), H2(Y ), H4(Y ) and H6(Y ) [37,38].
However, for non-vanishing NS-fluxes the situation is less clear as no obvious mirror sym-
metric compactification is known. In both type IIA and type IIB on Y an NS three-form H3
exists which can give a non-trivial NS-flux in H3(Y ). However, in neither case is there an NS
form field which can give fluxes in the mirror symmetric even cohomologies H0(Y ), H2(Y ),
H4(Y ) and H6(Y ). Vafa [8] suggested that the mirror symmetric configuration is related to
compactifying on a manifold Yˆ which is not complex but only admits a non integrable almost
complex structure. The purpose of this chapter is to make this proposal more precise. As a first
step we demand that the D = 4 effective action continues to have N = 2 supersymmetry, that
is, eight local supersymmetries. According to (2.12), this implies that there is a single globally
defined spinor η on Yˆ so that each of the D = 10 supersymmetry parameters gives a single local
four-dimensional supersymmetry. As a result, the structure group has to reduce from SO(6)
to SU(3) or one of its subgroups. If we further demand that the two D = 4 supersymmetries
are unbroken in a Minkowskian ground state η has to be covariantly constant with respect to
the Levi-Civita connection ∇, see (2.13), or equivalently the holonomy group has to be SU(3).
This second requirement uniquely singles out Calabi–Yau threefolds as the correct compactifi-
cation manifolds, see section 2.1.3. However, in this chapter we relax this second condition and
only insist that a globally defined SU (3)-invariant spinor exists. Manifolds with this property
have been discussed in the mathematics and physics literature and are known as manifolds with
SU(3) structure (see, for example, refs. [39–55]). They admit an almost complex structure J , a
metric g which is hermitian with respect to J and a unique (3, 0)-form Ω. Generically, since η
is no longer covariantly constant, the Levi-Civita connection now fails to have SU (3)-holonomy.
1This is analogous to Gauss’s theorem in electromagnetism
∮ −→
E · d
−→
S = Q where Q is the charge. Since the
fluxes indeed parameterize some gaugings, they are usually called electric and magnetic fluxes.
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However one can always write ∇η in terms of a three-index tensor, T 0, contracted with gamma
matrices, acting on η. In the same way ∇J and ∇Ω can be also written in terms of contractions
of T 0 with J and Ω respectively. This tensor T 0, known as the intrinsic torsion, is thus a measure
of the obstruction to having SU (3) holonomy.
Different classes of manifolds with SU (3) structure exist and they are classified by the differ-
ent elements in the decomposition of the intrinsic torsion into irreducible SU (3) representations.
We will mostly consider the slightly non-generic situation where only “electric” flux is present.
In this case, we find that mirror symmetry restricts us to a particular class of manifolds with
SU(3) structure called half-flat manifolds [44].2 They are neither complex, nor Ka¨hler, nor
Ricci-flat but they are characterized by the conditions
dΩ− = 0 = d(J ∧ J) , (3.3)
where Ω− is the imaginary part of the (3, 0)-form. On the other hand the real part of Ω is
not closed and plays precisely the role of an NS four-form dΩ+ ∼ FNS4 corresponding to fluxes
along H4(Y ) [8]. Thus the ‘missing’ NS-fluxes are purely geometrical and arise directly from
the change in the compactification geometry.
This chapter is organized as follows. In section 3.1 we recall in more details mirror symmetry
in Calabi-Yau compactifications with RR-flux. In section 3.2.1 we discuss properties of manifolds
with SU(3) structure and the way they realize supersymmetry in the effective action. These
manifolds are classified in terms of irreducible representations of the structure group SU(3) and
in section 3.2.2 we argue that the class of half-flat manifolds are likely to be the mirror geometry
of Calabi-Yau manifolds with electric NS-fluxes.
In section 3.3 we perform the KK-reduction of type IIA compactified on Yˆ , derive the
low energy effective action and show that it is mirror symmetric to type IIB compactified on
threefolds Y with non-trivial electric NS-flux H3. The effect of the altered geometry is as
expected. It turns an ordinary supergravity into a gauged supergravity in that scalar fields
become charged and a potential is induced. This potential receives contributions from different
terms in the ten-dimensional effective action, one of which arises from the non-vanishing Ricci-
scalar. This contribution is crucial to obtain the exact mirror symmetric form of the potential.
Of course, if Yˆ is to be the mirror image of a Calabi-Yau manifold when NS fluxes are present,
this relation should not depend on which theory one considers. Thus type IIB compactified on
Yˆ should also be equivalent to type IIA compactified on a Calabi-Yau manifold with NS fluxes.
This is showed in section 3.4. Section 3.5 contains our conclusions. Calabi-Yau compactifications
of type II theories with NS form-fluxes are reviewed in appendix C. Some technical details about
G-structure are gathered in appendix
D while in appendix E we compute the Ricci-scalar for half-flat manifolds.
3.1 Mirror symmetry in CY compactifications with fluxes
Let us begin by reviewing mirror symmetry for Calabi–Yau compactifications with non-trivial
RR fluxes. Consider first type IIB. The only allowed RR flux on the internal Calabi–Yau
manifold Y˜ is the three-form F3 = dC2. The flux F3 then defines 2(h
(1,2) + 1) flux parameters
(e˜A, m˜
A) according to
F3 = dC2 + m˜
AαA − e˜AβA . (3.4)
The effective action of this compactification is worked out in refs. [7,30,31,35]. A KK reduction
is performed on the original Calabi-Yau geometry with the non-vanishing fluxes taken into
account. This leads to a potential which induces small masses for some of the scalar fields and
spontaneously breaks supersymmetry.
2Manifolds with torsion have also been considered in refs. [42,45–54,56]. However, in these papers the torsion
is usually chosen to be completely antisymmetric in its indices or in other words it is a three-form. This turns
out to be a different condition on the torsion and these manifolds are not half-flat.
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It was shown in [7] that this IIB effective action is manifestly mirror symmetric to the one
arising from the compactification of massive type IIA supergravity [57] on Y with RR-fluxes
turned on in the even cohomology of Y . More precisely, in IIA compactifications the RR two-
form field strength F2 can have non-trivial flux in H
2(Y ) while the four-form field strength F4
has fluxes in H4(Y ). Then there are 2h(1,1) IIA RR-flux parameters given by
F2 = dA1 +m
iωi , F4 = dC3 −A1 ∧H3 + eiω˜i . (3.5)
In addition there are the two extra parameters m0 and e0, where e0 is the dual of the space-time
part of the four-form F4µνρσ and m
0 is the mass parameter of the original ten-dimensional mas-
sive type IIA theory [7]. Altogether there are 2(h(1,1)+1) real RR-flux parameters (eI ,m
J), I, J =
0, 1, . . . , h(1,1) which precisely map to the 2(h(1,2)+1) type IIB RR-flux parameters under mirror
symmetry. This is confirmed by an explicit KK-reduction of the respective effective actions and
one finds [7]3
L(IIA)(Y, eI ,mJ) ≡ L(IIB)(Y˜ , e˜A, m˜B) . (3.6)
We expect that mirror symmetry continues to hold when one considers fluxes in the NS-
sector. However, in this case, the situation is more complicated. In both type IIA and type IIB
there is a NS two-form B2 with a three-form field strength H3, so one can consider fluxes in
H3(Y ) in IIA and H3(Y˜ ) in IIB. However, these are clearly not mirror symmetric since mirror
symmetry exchanges the even and odd cohomologies. One appears to be missing 2(h(1,1) + 1)
NS-fluxes, lying along the even cohomology of Y and Y˜ , respectively. Since the NS fields
include only the metric, dilaton and two-form B2, there is no candidate NS even-degree form-
field strength to provide the missing fluxes. Instead, they must be generated by the metric and
the dilaton. Thus we are led to consider compactifications on a generalized class of manifolds Yˆ
with a metric which is no longer Calabi–Yau, and perhaps a non-trivial dilaton in order to find
a mirror-symmetric effective action. This necessity was anticipated by Vafa in ref. [8].
We now turn to what characterizes this generalized class of compactifications on Yˆ . We
choose to first present the IIA compactification on a half-flat manifold Yˆ compared to the IIB
compactification on a Calabi-Yau manifold Y with NS fluxH3. Since the NS sectors are identical
this should be, of course, equivalent to the problem with the roles of IIA and IIB reversed. This
one will be addressed in section 3.4.
3.2 Half-flat spaces as mirror manifolds
3.2.1 Supersymmetry and manifolds with SU (3)-structure
The low-energy effective action arising from IIB compactifications with non-trivial H3-flux de-
scribes a massive deformation of an N = 2 supergravity [7, 30, 31, 35]. Compactification on the
conjectured generalized mirror IIA manifold Yˆ should lead to the same effective action. Thus
the first constraint on Yˆ is that the resulting low-energy theory preserves N = 2 supersymmetry.
Let us first briefly review how supersymmetry is realized in the conventional Calabi–Yau
compactification. Ten-dimensional type IIA supergravity has two supersymmetry parameters
ǫ± of opposite chirality each transforming in a real 16-dimensional spinor representation of
the Lorentz group Spin(1, 9). In particular, the variation of the two gravitini in type IIA is
schematically given by [58]
δψ±M = [∇M + (Γ ·H3)M ] ǫ± + [(Γ · F2)M + (Γ · F4)M ] ǫ∓ + . . . , (3.7)
where the dots indicate further fermionic terms. Next one dimensionally reduces on a six-
dimensional manifold Y and requires that the theory has a supersymmetric vacuum of the form
3For mI = 0 one finds a standard N = 2 gauged supergravity with a potential for the moduli scalars of the
vector multiplets. For mI 6= 0 a non-standard supergravity occurs where the two-form B2 becomes massive. For
a more detailed discussion and a derivation of the effective action we refer the reader to ref. [7].
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1,3 × Y with all other fields trivial. Following the discussion in section 2.1.3, this implies that
there are particular spinors ǫ± for which the gravitino variations (3.7) vanish. On R1,3 × Y the
Lorentz group Spin(1, 9) decomposes into Spin(1, 3)×Spin(6) and we can write ǫ± = θ±⊗η. In
the supersymmetric vacuum, the vanishing of the gravitino variations imply the θ± are constant
and η is a solution of
∇mη = 0 , m = 1, . . . , 6 . (3.8)
If this equation has a single solution, each ǫ± gives a Killing spinor and we see that the back-
ground preserves N = 2 supersymmetry in four dimensions as required. Equivalently, if we
compactify on Y , the low-energy effective action will have N = 2 supersymmetry and admits a
flat supersymmetric ground state R1,3.
The condition (3.8) really splits into two parts: first the existence of a non-vanishing globally
defined spinor η on Y and second that η is covariantly constant. The first condition implies
the existence of two four-dimensional supersymmetry parameters and hence that the effective
action has N = 2 supersymmetry. The second condition that η is covariantly constant implies
that the effective action has a flat supersymmetric ground state.
The existence of η is equivalent to the statement that the structure group is reduced. To
see what this means, recall that the structure group refers to the group of transformations of
orthonormal frames over the manifold. Thus on a space-time of the form R1,3×Y the structure
group reduces from SO(1, 9) to SO(1, 3) × SO(6) and the spinor representation decomposes
accordingly as 16→ (2,4) + (2¯, 4¯). Suppose now that the structure group of Y reduces further
to SU (3) ⊂ SO(6) ∼= SU (4). The 4 then decomposes as 3+ 1 under the SU (3) subgroup. An
invariant spinor η in the singlet representation of SU (3) thus depends trivially on the tangent
space of Y and so is globally defined and non-vanishing. Conversely, the existence of such a
globally defined spinor implies that the structure group of Y is SU (3) (or a subgroup thereof).
Mathematically, one says that Y has SU (3)-structure. In appendix D we review some of the
properties of such manifolds from a more mathematical point of view and for a more detailed
discussion we refer the reader to the mathematics literature [39–44]. Here we will concentrate
on the physical implications.
The second condition that η is covariantly constant has well known consequences (as reviewed
for instance in [59]). It is equivalent to the statements that the Levi–Civita connection has SU (3)
holonomy or similarly that Y is Calabi–Yau. It implies that an integrable complex structure
exists and that the corresponding fundamental two-form J is closed. In addition, there is a
unique closed holomorphic three-form Ω. Together these structure and integrability conditions
imply that Calabi-Yau manifolds are complex, Ricci-flat and Ka¨hler.
Symmetry with the low-energy IIB theory with H3-flux implies that compactification on
generalized mirror manifold Yˆ still leads to an effective action that is N = 2 supersymmetric.
However, the IIB theory with flux in general no longer has a flat-space ground state which
preserves all supercharges [6,31,32]. From the above discussion, we see that this implies that we
still have a globally defined non-vanishing spinor η, but we no longer require that η is covariantly
constant, so ∇mη 6= 0. In other words, Yˆ has SU (3)-structure but generically the Levi–Civita
connection no longer has SU (3)-holonomy, so in general, Yˆ is not Calabi–Yau. In particular, as
discussed in appendix E, generic manifolds with SU (3)-structure are not Ricci-flat.
In analogy with Calabi-Yau manifolds let us first use the existence of the globally defined
spinor η to define other invariant tensor fields.4 Specifically, one has a fundamental two-form
Jmn = −iη†Γ7Γmnη , (3.9)
and a three-form
Ω = Ω+ + iΩ− , (3.10)
4For Calabi-Yau manifolds these constructions are reviewed, for example, in ref. [59]. For compactifications
with torsion they are generalized in ref. [45,46,55,60] and here we closely follow these references.
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where
Ω+mnp = −iη†Γmnpη , Ω−mnp = −iη†Γ7Γmnpη . (3.11)
By applying Fierz identities one shows
J ∧ J ∧ J = 3i
4
Ω ∧ Ω¯ ,
J ∧ Ω = 0 ,
(3.12)
exactly as for Calabi–Yau manifolds. Similarly, raising an index on Jmn and assuming a nor-
malization η†η = 1, one finds
Jm
pJp
n = −δmn , JmpJnrgpr = gmn , (3.13)
by virtue of the Γ-matrix algebra (B.1). This implies that Jm
p defines an almost complex
structure such that the metric gmn is Hermitian with respect to Jm
p. The existence of an almost
complex structure is sufficient to define (p, q)-forms as we review in appendix D. In particular,
one can see that Ω is a (3, 0)-form.
Thus far we have used the existence of the SU(3)-invariant spinor η to construct J and Ω.
One can equivalently characterize manifolds with SU(3)-structure by the existence of a globally
defined, non-degenerate two-form J and a globally defined non-vanishing complex three-form Ω
satisfying the conditions (3.12). Together these then define a metric [41,61].
The key difference from the Calabi–Yau case is that a generic Yˆ does not have SU(3)
holonomy since ∇mη 6= 0. Using (3.9) and (3.10) this immediately implies that also J and Ω
are generically no longer covariantly constant ∇mJnp 6= 0 ,∇mΩnpq 6= 0. In other words the
deviation from being covariantly constant is a measure of the deviation from SU(3) holonomy
and thus a measure of the deviation from the Calabi–Yau condition. This can be made more
explicit by using the fact that on Yˆ there always exists another connection ∇(T ), which is metric
compatible (implying ∇(T )m gnp = 0), and which does satisfy ∇(T )m η = 0 [40, 41]. The difference
between any two metric-compatible connections is a tensor, known as the contorsion κmnp, and
thus we have explicitly
∇(T )m η = ∇mη −
1
4
κmnpΓ
npη = 0 , (3.14)
where Γnp is the antisymmetrized product of Γ-matrices defined in appendix A.3 and κmnp takes
values in Λ1⊗Λ2 (Λp being the space of p-forms). We see that κmnp is the obstruction to η being
covariantly constant with respect to the Levi-Civita connection and thus for non-vanishing κ
the manifold Yˆ can not be a Calabi-Yau manifold. Similarly, using (3.9), (3.10) and (3.14) one
shows that also J and Ω are generically no longer covariantly constant but instead obey
∇(T )m Jnp = ∇mJnp − κmnrJrp − κmprJnr = 0 ,
∇(T )m Ωnmp = ∇mΩnpq − κmnrΩrpq − κmprΩnrq − κmqrΩnpr = 0 ,
(3.15)
where again κ is measuring the obstruction to J and Ω being covariantly constant with respect
to the Levi-Civita connection. We see that the connection ∇(T ) preserves the SU(3) structure
in that η or equivalently J and Ω are constant with respect to ∇(T ).
Let us now analyze the contorsion κ ∈ Λ1 ⊗ Λ2 in a little more detail. Recall that Λ2 is
isomorphic to the Lie algebra so(6), which in turn decomposes into su(3) and su(3)⊥, with the
latter defined by su(3)⊕su(3)⊥ ∼= so(6). Thus the contorsion actually decomposes as κsu(3)+κ0
where κsu(3) ∈ Λ1 ⊗ su(3) and κ0 ∈ Λ1 ⊗ su(3)⊥. Consider now the action of κ on the spinor
η. Since η is an SU (3) singlet, the action of su(3) on η vanishes, and thus, from (3.14), we see
that
∇mη = 1
4
κ0mnpΓ
npη . (3.16)
From (3.15), one finds that analogous expressions hold for ∇mJnp and ∇mΩnpq. We see that the
obstruction to having a covariantly constant spinor (or equivalently J and Ω) is actually mea-
sured by not the full contorsion κ but by the so-called “intrinsic contorsion” part κ0. Eq. (3.16)
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implies that κ0 is independent of the choice of ∇(T ) satisfying (3.14), and thus is a property
only of the SU (3)-structure. This fact is reviewed in more detail in appendix D.
Mathematically, it is sometimes more conventional to use the torsion T instead of the contor-
sion κ; the two are related via Tmnp =
1
2(κmnp−κnmp) and Tmnp also satisfies (D.15). Similarly,
one usually refers to the corresponding “intrinsic torsion” T 0mnp =
1
2(κ
0
mnp − κ0nmp) which also
is an element of Λ1 ⊗ su(3)⊥ and is in one-to-one correspondence with κ0.5 If κ0 and hence
T 0 vanishes, we say that the SU (3) structure is torsion-free. This implies ∇mη = 0 and the
manifold is Calabi–Yau.
Both κ0 and T 0 can be decomposed in terms of irreducible SU(3) representations and hence
different SU (3) structures can be characterized by the non-trivial SU(3) representations T 0
carries. Adopting the notation used in [43,44] we denote this decomposition by
T 0 ∈ W1 ⊕W2 ⊕W3 ⊕W4 ⊕W5 , (3.17)
with the corresponding parts of T 0 labeled by Ti with i = 1, . . . , 5 and where the representations
corresponding to the different Wi are given in table 3.1.
component interpretation SU(3)-representation
W1 J ∧ dΩ or Ω ∧ dJ 1⊕ 1
W2 (dΩ)2,20 8⊕ 8
W3 (dJ)2,10 + (dJ)1,20 6⊕ 6¯
W4 J ∧ dJ 3⊕ 3¯
W5 dΩ3,1 3⊕ 3¯
Table 3.1: The five classes of the intrinsic torsion of a space with SU (3) structure.
The second column of table 3.1, gives an interpretation of each component of T 0 in terms
of exterior derivatives of J and Ω. The superscripts refer to projecting onto a particular (p, q)-
type, while the 0 subscript refers to the irreducible SU (3) representation with any trace part
proportional to Jn removed (see appendix D.0.3). This interpretation arises since, from (3.15),
we have
dJmnp = 6T
0
[mn
rJr|p] ,
dΩmnpq = 12T
0
[mn
rΩr|pq] .
(3.18)
These can then be inverted to give an expression for each component Ti of T
0 in terms of dJ
and dΩ. This is discussed in more detail from the point of view of SU(3) representations in
appendix D.0.3.
Manifolds with SU(3) structure are in general not complex manifolds. An almost complex
structure J (obeying (3.13)) necessarily exists but the integrability of J is determined by the
vanishing of the Nijenhuis tensor Nmn
p. From its definition (D.4) we see that a covariantly
constant J has a vanishing Nmn
p and in this situation the manifold is complex and Ka¨hler (as
is the case for Calabi–Yau manifolds). However, for a generic J the Nijenhuis tensor does not
vanish and is instead determined by the (con-) torsion using (D.4) and (3.15). Thus T 0 also
is an obstruction to Yˆ being a complex manifold. However, one can show [43, 44] that Nmn
p
does not depend on all torsion components but is determined entirely by the component of the
torsion T1⊕2 ∈ W1 ⊕W2, through
Nmn
p = 8(T1⊕2)mnp . (3.19)
Before we proceed let us summarize the story so far. The requirement of an N = 2 super-
symmetric effective action led us to consider manifolds Yˆ with SU(3)-structure. Such manifolds
5Note that our terminology is not very precise in that whenever we use the notion of torsion we in fact mean
by this intrinsic torsion.
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admit a globally defined SU(3)-invariant spinor η but the holonomy group of the Levi-Civita
connection is no longer SU(3). The deviation from SU(3) holonomy is measured by the intrinsic
(con-)torsion, and implies that generically the manifold is neither complex nor Ka¨hler. However,
the fundamental two-form J and the (3, 0)-form Ω can still be defined; in fact their existence is
equivalent to the requirement that Yˆ has SU (3)-structure. Different classes of manifolds with
SU(3) structure are labeled by the SU(3)-representations in which the intrinsic torsion tensor
resides. In terms of J and Ω this is measured by which components of the exterior derivatives
dJ and dΩ are non-vanishing.
3.2.2 Half-flat manifolds
In general, we might expect that there are further restrictions on Yˆ beyond the supersymmetry
condition that it has SU (3)-structure. This would correspond to constraining the intrinsic
torsion so that only certain components in table 3.1 are non-vanishing. We provide evidence for
a particular set of constraints in the following subsections. Then, in section 3.3, we verify that
these conditions do lead to the required mirror symmetric type IIA effective action.
Before doing so, however, let us consider two arguments suggesting how these constraints
might appear. First, recall that the Ka¨hler moduli on the Calabi–Yau manifold are paired with
the B2 moduli as an element B2 + iJ of H
2(Y,C) where J is the Ka¨hler form. Under mirror
symmetry, these moduli map to the complex structure moduli of Y˜ which are encoded in the
closed holomorphic (3, 0)-form Ω. Turning on H3 flux on the original Calabi–Yau manifold
means that the real part of the complex Ka¨hler form B2 + iJ is no longer closed. Under the
mirror symmetry, this suggests that we now have a manifold Yˆ where half of Ω = Ω+ + iΩ−, in
particular Ω+, is no longer closed. From table 3.1, we see that dΩ2,2 is related to the classes W1
and W2 which can be further decomposed into W+1 ⊕W−1 and W+2 ⊕W−2 giving
T+1⊕2 corresponding to (dΩ
+)2,2 ,
T−1⊕2 corresponding to (dΩ
−)2,2 .
(3.20)
Thus, the above result that only Ω− remains closed suggests that,
T−1⊕2 = 0 . (3.21)
One might expect that it also implies that half of the W5 component vanishes. However, as
discussed in [44], (dΩ+)3,1 and (dΩ−)3,1 are related, so, in fact, all of the component in W5
vanishes and we have in addition
T5 = 0 . (3.22)
The second argument comes from the fact that the intrinsic torsion T 0 should be such that it
supplies the missing 2(h(1,1)+1) NS-fluxes. In other words we need the new fluxes to be counted
by the even cohomology of the original Calabi-Yau manifold Y . This implies that there should
be some well-defined relation between Yˆ and the Calabi-Yau manifold Y . We return to this
relation in more detail in section 3.3.1 but here let us simply make the very naive assumption
that we try to match the SU (3) representations of the Hp,q(Y ) cohomology group with the
SU (3) representations of T 0. This suggests setting
T4 = T5 = 0 . (3.23)
since the corresponding H3,2(Y ) and H3,1(Y ) groups vanish on Y . On the other hand T1,2,3 can
be non-zero as the corresponding cohomologies do exist on Y .
Taken together, these arguments suggest that the appropriate conditions might be
T−1⊕2 = T4 = T5 = 0 . (3.24)
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This is in fact a known class of manifolds, denoted half-flat [44]. From table 3.1 it is easy to see
that the necessary and sufficient conditions can be written as
dΩ− = 0,
d (J ∧ J) = 0. (3.25)
It will be useful in the following to have explicit expressions for the components of the
intrinsic torsion T1, T2 and T3 which are non-vanishing when the manifold is half-flat. From
table 3.1 we recall that T1⊕2 is in the same SU (3) representation as a complex four-form F (2,2)
of type (2, 2). Explicitly we have
(T1⊕2)mnp = FmnrsΩrsp + F¯mnrsΩ¯rsp . (3.26)
The half-flatness condition T−1⊕2 = 0 just imposes that F is real (F = F¯ ) so that
(T1⊕2)mnp = (T+1⊕2)mn
p = 2F (2,2)mnrs Ω
+rsp , (3.27)
where we have used (3.10). Explicitly, from the relations (3.18) one has that F is related to dΩ
by6
F (2,2)mnrs ≡
1
4||Ω||2 (dΩ)
2,2
mnrs =
1
4||Ω||2 (dΩ
+)2,2mnrs . (3.28)
We will see in section 3.3 that this plays the role of the NS four-form which precisely complexifies
the RR 4-form background flux in the low-energy effective action. This fact was anticipated
in [8]. However, it will only generate the electric fluxes defined in (C.13), i.e. half of the missing
NS-fluxes. As we said in the introduction, the treatment of the magnetic fluxes, corresponding
to the NS two-form flux is more involved and will be discussed in a separate publication [62].
Similarly, we see from table 3.1 that the component T3 of the torsion is in the same represen-
tation as a real traceless three-form A
(2,1)
0 +A¯
(1,2)
0 of type (2, 1)+(1, 2) (see also appendix D.0.3).
From (3.18) we see that this form is proportional to (dJ)
(2,0)
0 . Explicitly we have
(T3)mnp =
1
4
(
δm
′
m δ
n′
n − Jmm
′
Jn
n′
)
Jp
p′(dJ)m′n′p′ − 2F (Ω+)mnp , (3.29)
where by F we denoted the trace in complex indices Fαβ
αβ .
The remainder of the section focuses on providing evidence that equations (3.25) are indeed
the correct conditions. Before doing so, recall that compactifications on manifolds with torsion
have also been discussed in refs. [42, 45–54, 60]. The philosophy of these papers was slightly
different in that they considered backgrounds where some of the p-form field strength were
chosen non-zero and in order to satisfy δψm = 0. Here instead we want the torsion to generate
terms which mimic or rather are mirror symmetric to NS-flux backgrounds. As a consequence,
one finds rather different conditions. Since in both cases one wants N = 2 supersymmetry
in four dimensions, the class of manifolds discussed in [42, 45–52, 60] are also manifolds with
SU(3) structure. However, in these cases the torsion is a traceless real three-form. This implies
T ∈ W3 ⊕W4 so that T1 = T2 = T5 = 0. As a consequence the Nijenhuis tensor vanishes (since
it depends only on T1⊕2) and the manifolds are complex but not Ka¨hler.
3.3 Type IIA on a half-flat manifold
Before we launch into the details of the dimensional reduction, recall that we are aiming at the
derivation of a type IIA effective action which is mirror symmetric to the type IIB effective action
obtained from compactifications on Calabi-Yau threefolds with (electric) NS 3-form flux H3
6Note, that up to this point, the normalization η†η = 1 fixed the normalization of J and Ω. In the following
it will be useful to allow an arbitrary normalization of Ω, thus we have included in this expression the general
factor ||Ω||2 ≡ 1
3!
ΩαβγΩ¯
αβγ .
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turned on. This effective theory is reviewed in section C.2 while the Calabi-Yau compactification
of type IIA without fluxes is recalled in section 2.2.2. As we have stressed throughout, the central
problem is that in IIA theory there is no NS form-field which can reproduce the NS-fluxes which
are the mirrors of H3 in the type IIB theory. Vafa suggested that the type IIA mirror symmetric
configuration is a different geometry where the complex structure is no longer integrable [8], so
that the compactification manifold Yˆ is not Calabi–Yau. In the previous section we have already
collected evidence that half-flat manifolds are promising candidates for Yˆ . The additional flux
was characterized by the four-form F (2,2) ∼ dΩ2,2. The purpose of this section is to calculate the
effective action, in an appropriate limit, for type IIA compactified on a half-flat Yˆ , and show that
it is exactly equivalent to the known effective theory for the mirror type IIB compactification
with electric flux.
The basic problem we are facing in this section is that so far we have no mathematical
procedure for constructing a half-flat manifold Yˆ from a given Calabi-Yau manifold Y . Instead
we will give a set of rules for the structure of Yˆ and the corresponding light spectrum by
using physical considerations and in particular using mirror symmetry as a guiding principle.
Specifically, we will write a set of two-, three- and four-forms on Yˆ which are in some sense
“almost harmonic”. By expanding the IIA fields in these forms, we can then derive the four-
dimensional effective action which is equivalent to the known mirror type IIB action.
3.3.1 The light spectrum and the moduli space of Yˆ
To derive the effective four-dimensional theory we first have to identify the light modes in the
compactification such as the metric moduli. Unlike the case of a conventional reduction on
a Calabi–Yau manifold, from the IIB calculation we know that the low-energy theory has a
potential (C.34) and so not all the light fields are massless. In any dimensional reduction there
is always an infinite tower of massive Kaluza–Klein states, thus we need some criterion for
determining which modes we keep in the effective action.
Recall first how this worked in the type IIB case. One starts with a background Calabi–Yau
manifold Y˜ and makes a perturbative expansion in the flux H3. To linear order, H3 only appears
in its own equation of motion, while it appears quadratically in the other equations of motion,
such as the Einstein and dilaton equations, so, heuristically,
∇mHmnp = . . . ,
Rmn = H
2
mn + . . . .
(3.30)
In the perturbation expansion we first solve the linear equation on Y˜ which implies that H3 is
harmonic. We then consider the quadratic backreaction on the geometry of Y˜ and the dilaton.
The backreaction will be small provided H3 is small compared to the curvature of the compact-
ification, set by the inverse size of the Calabi–Yau manifold 1/L˜. Recall, however, that in string
theory the flux
∫
γ3
H, where γ3 is any three-cycle in Y˜ is quantized in units of α
′. Consequently
H3 ∼ α′/L˜3 and so for a small backreaction we require H3/L˜−1 ∼ α′/L˜2 to be small. In other
words, we must be in the large volume limit where the Calabi–Yau manifold is much larger than
the string length, which anyway is the region where supergravity is applicable. The Kaluza–
Klein masses will be of order 1/L˜. The mass correction due to H3 is proportional to α
′/L˜3 and
so is comparatively small in the large volume limit. Thus in the dimensional reduction it is
consistent to keep only the zero-modes on Y˜ which get small masses of order α′/L˜3 and to drop
all the higher Kaluza–Klein modes with masses of order 1/L˜.
We would like to make the same kind of expansion in IIA and think of the generalized mirror
manifold Yˆ as some small perturbation of the original Calabi–Yau Y mirror to Y˜ without flux.
The problem we will face throughout this section is that we do not have, in general, an explicit
construction of Yˆ from Y . Thus we can only give general arguments about the meaning of such a
limit. From the previous discussion we saw that it is the intrinsic torsion T 0 which measures the
deviation of Yˆ from a Calabi–Yau manifold. Thus we would like to think that in the limit where
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T 0 is small Yˆ approaches Y . The problem is that in general Y and Yˆ have different topology.
Thus, at the best, we can only expect that Yˆ approaches Y locally in the limit of small intrinsic
torsion. Put another way, the torsion, like H3 is really “quantized”. Consequently, it cannot
really be put to zero, instead we can only try distorting the space to a limit where locally T 0 is
small and then locally the manifold looks like Y .
This can be made slightly more formal in the following way. It is a general result [39] that
the Riemann tensor of any manifold with SU (n) structure has a decomposition as
R = RCY +R⊥ , (3.31)
where the tensor RCY has the symmetry properties of the curvature tensor of a true Calabi–Yau
manifold, so that, for instance the corresponding Ricci tensor vanishes. The orthogonal com-
ponent R⊥ is completely determined in terms of ∇T 0 and (T 0)2. (Note that the corresponding
decomposition of the Ricci scalar in the half-flat case is calculated explicitly in appendix E.)
From this perspective, we can think of R⊥ as a correction to the Einstein equation on a Calabi–
Yau manifold, analogous to the H23 correction in the IIB theory. In particular, if Yˆ is to be
locally like Y in the limit of small torsion, we require
RCY(Yˆ ) = R(Y ) . (3.32)
What, however, characterizes the limit where the intrinsic torsion is small? Unlike the IIB
case the string scale does not appear in T 0. Typically both curvatures RCY and R⊥ are of order
1/Lˆ2 where Lˆ is the size of Yˆ . Thus making Yˆ large will not help us. Instead, we must consider
some distortion of the manifold so that R⊥ ≪ RCY. What this distortion might be is suggested
by mirror symmetry. We know that, without flux, a large radius Y˜ is mapped to Y with large
complex structure. Thus we might expect that we are interested in the large complex structure
limit of Yˆ .
In this limit, the conjecture is that R⊥(Yˆ ) becomes a small perturbation, with a mass scale
much smaller than the Kaluza–Klein scale set by the average size of Yˆ . Thus, as in the IIB case,
at least locally, the original zero modes on Y become approximate massless modes on Yˆ gaining
a small mass due to the non-trivial torsion. This suggests it is again consistent in this limit to
consider a dimensional reduction keeping only the deformations of Yˆ which correspond locally
to zero modes of Y . This holds both for the ten-dimensional gauge potentials given in the case
without flux in (2.39) and the deformations of the metric as in (B.20) and (B.29).
Having discussed the approximation, let us now turn to trying to identify this light spectrum
more precisely and characterizing how the missing NS flux enters the problem. As discussed, it
is the intrinsic torsion of Yˆ which characterizes the deviation of Yˆ from a Calabi–Yau manifold
therefore we expect that this encodes the NS-flux parameters we are looking for. Mirror sym-
metry requires that these new NS-fluxes are counted by the even cohomology of the “limiting”
Calabi-Yau manifold Y . As we saw above, in the case of half-flat manifolds this suggests that
the real (2, 2)-form F ∼ dΩ on Yˆ , introduced in (3.27) and discussed by Vafa [8], can be viewed
as specifying some “extra data” on Y which is a harmonic form ζ ∈ H4(Y,R) (or equivalently
H2(Y,R)) measuring, at least part of, the missing NS flux.
As mentioned above, the problem is that we have no explicit construction of Yˆ in terms of
Y and some given flux ζ. Nonetheless, we expect, if mirror symmetry is to hold, that for each
pair (Y, ζ) there is a unique half-flat manifold Yˆζ , so that there is a map
(Y, ζ)⇔ Yˆζ , (3.33)
where, in the limit of small torsion (large complex structure), Y and Yˆζ with the correspond-
ing metrics are locally diffeomorphic. In fact, we can argue two more conditions. First, the
identification (3.33) can be applied at each point in the moduli space of Y giving us, assuming
uniqueness, a corresponding moduli space of Yˆζ . Furthermore, it can be checked , for the simple
case of the torus, that the type IIB H3-flux only effect the topology of Yˆ in the sense that all
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points in the moduli space of Yˆζ for given flux had the same topology. Thus we see that, if
mirror symmetry is to hold, the moduli space of metrics M(Y ) andM(Yˆζ) of Y and Yˆ are the
same
M(Yˆζ) =M(Y ) for any given ζ , (3.34)
where ζ only effects the topology of Yˆ . This gives the full moduli space of all Yˆζ the structure
of an infinite number of copies of M(Y ) labeled by ζ.
More explicitly, the matching of moduli spaces means that for each (Ω, J) on Y , since Yˆζ has
SU (3) structure, we have a unique corresponding (Ω, J) on Yˆ and we must have a corresponding
expansion in terms of a basis of forms on Yˆ
Ω = zA αA −FA βA , A = 0, 1, . . . , h(1,2)(Y ) ,
J = vi ωi , i = 1, . . . , h
(1,1)(Y ) ,
(3.35)
where zA = (1, za) with a = 1, . . . , h(1,2)(Y ) and the za are the scalar fields corresponding to the
deformations of the complex structure (FA is defined in section B.5), while the vi are the scalar
fields corresponding to the Ka¨hler deformations. The key point here is that although (αA, β
A)
form a basis for Ω and the ωi form a basis for J they are not, in general, harmonic, and thus
are not bases for H3(Yˆ ) and H(1,1)(Yˆ ). Locally, however, in the limit of small intrinsic torsion,
they should coincide with the harmonic basis of H3(Y ) and H(1,1)(Y ) on Y . For ∗J one has an
analogous expansion in terms of four-forms on Yˆ as in (B.26)
∗J = 4Kgijνiω˜j , i = 1, . . . , h(1,1)(Y ) , (3.36)
where, again, there is no condition on ω˜i being harmonic on Yˆ , but in the small torsion limit
they again locally approach harmonic forms on Y .
The above expressions (3.35) and (3.36) have been written in terms of a prepotential F and
a metric gij which is the metric on the moduli space just as for Y . If the low-energy effective
action is to be mirror symmetric we necessarily have that the metrics on the moduli spaces
M(Yˆζ) and M(Y ) agree. This means that the corresponding kinetic terms in the low-energy
effective action agree and implies the conditions∫
Yˆ
ωi ∧ ω˜j = δji ,
∫
Yˆ
αA ∧ βB = δBA ,
∫
Yˆ
αA ∧ αB =
∫
Yˆ
βA ∧ βB = 0 , (3.37)
exactly as on Y in (B.25) and (B.28).
Now let us return to the flux and the restrictions implied by Yˆζ being half-flat. Recall
that we have argued that the four-form F (2,2) ∼ (dΩ)2,2 corresponds to a harmonic form ζ ∈
H4(Y,Z) measuring the flux. Given the map between harmonic four-forms on Y and the basis
ω˜i introduced in (3.36), we are naturally led to rewrite (3.28) as
F (2,2)mnpq ≡
1
4||Ω||2 (dΩ)
2,2
mnpq
=
1
4||Ω||2 ei ω˜
i
mnpq , i = 1, . . . , h
(1,1)(Y ) ,
(3.38)
where the ei are constants parameterizing the flux. Again, in the limit of small torsion, locally
F is equivalent to a harmonic form on Y , namely ζ.
Inserting (3.35) into (3.38), we have
dΩ = zAdαA −FAdβA = eiω˜i . (3.39)
However, we argued that the flux only effects the topology of Yˆ and does not depend on the
point in moduli space. Thus, we require that this condition is satisfied independently of the
choice of moduli zA = (1, za). This is only possible if we have
dα0 = ei ω˜
i , dαa = dβ
A = 0 , (3.40)
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where α0 is singled out since it is the only direction in Ω which is independent of z
a.7 Further-
more, inserting (3.40) into (3.37) gives
ei =
∫
ωi ∧ dα0 = −
∫
dωi ∧ α0 . (3.41)
Thus consistency requires
dωi = eiβ
0 , dω˜i = 0 , (3.42)
where the second equation follows from (3.40).8
Eqs. (3.40) and (3.42) imply, just as we anticipated above that neither ωi nor ω˜
i are harmonic.
In particular, ωi are no longer closed while the dual forms ω˜
i are no longer co-closed, since at
least one linear combination eiω˜
i is exact. However, assuming for instance that e1 is non-zero,
the linear combinations
ω′i = ωi −
ei
e1
ω1 , i 6= 1 , (3.43)
are harmonic in that they satisfy
dω′i = d
†ω′i = 0 , (3.44)
where we used d†ω′i = ∗d ∗ω′i ∼ ∗dω˜′i. Thus there are still at least h(1,1)(Y )− 1 harmonic forms
ω′i on Yˆ . The same argument can be repeated for H
3 where one finds 2h(1,2) harmonic forms or
in other words the dimension of H3 has changed by two and we have together
h(2)(Yˆ ) = h(1,1)(Y )− 1 , h(3)(Yˆ ) = h(3)(Y )− 2 . (3.45)
Physically this can be understood from the fact that some of the scalar fields gain a mass
proportional to the flux parameters and no longer appear as zero modes of the compactification.
Similarly, from mirror symmetry we do not expect the occurrence of new zero modes on Yˆ as
these would correspond to additional new massless fields in the effective action. This is also
consistent with our expectation that Yˆ is topologically different from Y which stresses the point
that Y and Yˆ can only be locally close to each other in the large complex structure limit.
Simply from the moduli space of SU (3)-structure of Yˆζ and the relation (3.38) we have
conjectured the existence of a set of forms on Yˆζ satisfying the conditions (3.40) and (3.42)
which essentially encode information about the topology of Yˆζ . We should now see if this is
compatible with a half-flat structure. In particular we find, given (3.35),
dJ = vieiβ
0 ,
dΩ = eiω˜
i .
(3.46)
From the standard SU (3) relation J ∧ Ω = 0 we have that ωi ∧ αA = ωi ∧ βA = 0 for all A
and hence in particular J ∧ dJ = 0. Furthermore, since the ei are real, dΩ− = 0. Thus we see
that (3.40) and (3.42) are consistent with half-flat structure.9 Furthermore, since dJ and dΩ
completely determine the intrinsic torsion T 0, we see that all the components of T 0 are given in
terms of the constants ei without the need for any additional information.
Let us summarize. We proposed a set of rules for identifying the light modes for compacti-
fication on Yˆ compatible with mirror symmetry and half-flatness. We first argued that in the
limit of large complex structure the torsion of Yˆ is small, and locally Yˆ and Y are diffeomorphic,
even though globally they have different topology. In this limit, the light spectrum corresponds
7Of course this corresponds to a specific choice of the symplectic basis of H3. It is the same choice which is
conventionally used in establishing the mirror map without fluxes.
8Strictly speaking also dωi = eiβ
0 + aAαA + baβ
a for some yet undetermined coefficients aA, ba solves (3.41).
However by a similar argument as presented for the exterior derivative of ωi one can see that any non-vanishing
such coefficient will produce a nonzero derivative of αa or/and β
A contradicting (3.40). From this one concludes
that the only solution of (3.41) is (3.42).
9It would be interesting to calculate the moduli space of half-flat metrics on Yˆζ directly and see that it agreed
with, or at least had a subspace, of the form given by (3.35) and (3.36) together with (3.40) and (3.42).
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to modes on Yˆ which locally map to the zero modes of Y . This was made more precise by first
noting that mirror symmetry implies a one-to-one correspondence between each pair of a Calabi–
Yau manifold Y and flux ζ ∈ H4(Y,Z) and a unique half-flat manifold Yˆζ . As a consequence the
moduli space of half-flat metrics on Yˆζ has to be identical with the moduli space of Calabi–Yau
metrics on Y . This in turn implies that the metrics on these moduli spaces agree and a basis of
forms for J and Ω exist on Yˆ which coincides with the corresponding basis of harmonic forms
on Y in the small torsion limit. Identifying the missing NS flux ei as F ∼ dΩ2,2 ∼ eiω˜i led to a
set of differential relations among this basis of forms in terms of the h(1,1)(Y ) flux parameters ei.
We further showed that these relations are compatible with the conditions of half-flatness. As
we will see more explicitly in the next section these forms give the correct basis for expanding
the ten-dimensional fields on Yˆ and obtaining a mirror symmetric effective action. We will find
that the masses of the light modes are proportional to the fluxes and thus to the intrinsic torsion
of Yˆ .
3.3.2 The effective action
In this section we present the derivation of the low energy effective action of type IIA supergravity
compactified on the manifold Yˆ described in sections 3.2.2 and 3.3.1. As argued in the previous
section we insist on keeping the same light spectrum as for Calabi-Yau compactifications and
therefore the KK-reduction is closely related to the reduction on Calabi-Yau manifolds which
we recall in appendix 2.2.2. The difference is that the differential forms we expand in are no
longer harmonic but instead obey
dα0 = eiω˜
i , dαa = dβ
A = 0 , dωi = eiβ
0 , dω˜i = 0 . (3.47)
However, we continue to demand that these forms have identical intersection numbers as on
the Calabi-Yau or in other words obey unmodified (3.37). As we are going to see shortly the
relations (3.47) are responsible for generating mass terms in the effective action consistent with
the discussion in the previous section.10
Let us start from the type IIA action in D = 10 [3]
S =
∫
e−2φˆ
(
−1
2
Rˆ ∗1+ 2dφˆ ∧ ∗dφˆ− 1
4
Hˆ3 ∧ ∗Hˆ3
)
−1
2
∫ (
Fˆ2 ∧ ∗Fˆ2 + Fˆ4 ∧ ∗Fˆ4
)
+
1
2
∫
Hˆ3 ∧ Cˆ3 ∧ dCˆ3 , (3.48)
where the notations are explained in more detail in section 2.2.2. In the KK-reduction the
ten-dimensional (hatted) fields are expanded in terms of the forms ωi, αA, β
A introduced in
(3.35)
φˆ = φ , Aˆ1 = A
0 , Bˆ2 = B2 + b
iωi
Cˆ3 = C3 +A
i ∧ ωi + ξAαA + ξ˜AβA , (3.49)
where A0, Ai are one-forms in D = 4 (they will generate h(1,1) vector multiplets and contribute
the graviphoton to the gravitational multiplet) while ξA, ξ˜A, b
i are scalar fields in D = 4. The bi
combine with the Ka¨hler deformations vi of (3.35) to form the complex scalars ti = bi+ivi sitting
in the h(1,1) vector multiplets. The ξa, ξ˜a together with the complex structure deformations z
a
of (3.35) are members of h(1,2) hypermultiplets while ξ0, ξ˜0 together with the dilaton φ and B2
form the tensor multiplet.
10Note that we are not expanding in the harmonic forms ω′i defined in (3.43) but continue to use the non-
harmonic ωi. The reason is that in the ωi-basis mirror symmetry will be manifest. An expansion in the ω
′
i-basis
merely corresponds to field redefinition in the effective action as they are just linear combinations of the ωi.
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The difference with Calabi-Yau compactifications results from the fact that the derivatives
of Bˆ2, Cˆ3 in (3.49) are modified as a consequence of (3.47) and we find
dCˆ3 = dC3 + (dA
i) ∧ ωi + (dξA)αA + (dξ˜a)βa + (dξ˜0 − eiAi)β0 + ξ0eiω˜i ,
dBˆ2 = dB2 + (db
i)ωi + eib
iβ0 . (3.50)
We already see that the scalar ξ˜0 becomes charged precisely due to (3.47) which is exactly what
we expect from the type IIB action. However, on the type IIB side we have (h(1,2) + 1) electric
flux parameters while in (3.50) only h(1,1) fluxes ei appear. The missing flux arises from the
NS 3-form field strength Hˆ3 = dBˆ2 in the direction of β
0. Turning on this additional NS flux
amounts to a shift
Hˆ3 → Hˆ3 + e0β0 , (3.51)
where e0 is the additional mass parameter. Using (3.50), (3.51) and (2.37) we see that the
parameter e0 introduced in this way naturally combines with the other fluxes ei into
Hˆ3 = dB2 + db
iωi + (eib
i + e0)β
0 , (3.52)
Fˆ4 = (dC3 −A0 ∧ dB2) + (dAi −A0dbi) ∧ ωi +DξAαA +Dξ˜AβA + ξ0eiω˜i ,
where the covariant derivatives are given by
Dξ˜0 = dξ˜0 − ei(Ai + biA0)− e0A0, DξA = dξA, Dξ˜a = dξ˜a. (3.53)
This formula is one of the major consequences of compactifying on Yˆ (in particular of expanding
the 10 dimensional fields in forms which are not harmonic) as one of the scalars, ξ˜0, becomes
charged.
From here on the compactification proceeds as in the massless case by inserting (3.52) into
the action (3.48). Except for few differences which we point out, the calculation continues as
in section 2.2.2 and we are not going to repeat this calculation here. Using (2.39), (3.50) and
(3.52) one can see that the parameters e0 and ei give rise to new interactions coming from the
topological term in (3.48)
1
2
∫
Yˆ
Hˆ3 ∧ Cˆ3 ∧ dCˆ3 = ξ
0
2
dB2 ∧Aiei − 1
2
dB2 ∧
(
ξ0(dξ˜0 − eiAi) + ξadξ˜a − ξ˜AdξA
)
+
ξ0
2
eidb
i ∧ C3 + 1
2
dbi ∧Aj ∧ dAkKijk (3.54)
−ξ
0
2
(eib
i + e0)dC3 − 1
2
(eib
i + e0) ∧ C3 ∧ dξ0 ,
where Kijk is defined in (B.19).
The 3-form C3 in 4 dimensions carries no physical degrees of freedom. Nevertheless it can not
be neglected as it may introduce a cosmological constant. Moreover when such a form interacts
non-trivially with the other fields present in the theory as in (3.54) its dualization to a constant
requires more care. Collecting all terms which contain C3 we find
SC3 = −
K
2
(dC3 −A0 ∧ dB2) ∧ ∗(dC3 −A0 ∧ dB2)− ξ0 (eibi + e0)dC3 . (3.55)
As shown in [63, 64] the proper way of performing this dualization is by adding a Lagrange
multiplier λdC3. The 3-form C3 is dual to the constant λ which was shown to be mirror
symmetric to a RR-flux in ref. [7] and consequently plays no role in the analysis here. Solving
for dC3, inserting the result back into (3.55) and in the end setting λ = 0 we obtain the action
dual to (3.55)
Sdual = −(ξ
0)2
2K (eib
i + e0)
2 − ξ0 (eibi + e0)A0 ∧ dB2 . (3.56)
44 CHAPTER 3. GENERALIZED CALABI-YAU COMPACTIFICATIONS
Finally, in order to obtain the usual N = 2 spectrum we dualize B2 to a scalar field denoted
by a. Due to the Green-Schwarz type interaction of B2 (the first term in (3.54) and the second
term in (3.56)) a is charged, but beside that the dualization proceeds as usually. Putting together
all the pieces and after going to the Einstein frame one can write the compactified action in the
standard N = 2 form
SIIA =
∫ [
− 1
2
R ∗1− gijdti ∧ ∗dt¯j − huvDqu ∧ ∗Dqv
+
1
2
ImNIJF I ∧ ∗F J + 1
2
ReNIJF I ∧ F J − VIIA ∗1
]
, (3.57)
where the gauge coupling matrix NIJ and the metrics gij , huv are given in (B.85), (B.22) and
(2.57) respectively. As explained in section 2.2.2 the gauge couplings can be properly identified
after redefining the gauge fields Ai → Ai − biA0. We have also introduced the notation I =
(0, i) = 0, . . . , h(1,1) and so AI = (A0, Ai). Among the covariant derivatives of the hypermultiplet
scalars Dqu the only non-trivial ones are11
Da = da− ξ0eIAI ; Dξ˜0 = dξ˜0 + eIAI . (3.58)
We see that two scalars are charged under a Peccei-Quinn symmetry as a consequence of the
non-zero eI .
Before discussing the potential VIIA let us note that the action (3.57) already has the form
expected from the mirror symmetric action given in section C.2. In particular the forms α0 and
β0 in (3.47) single out the two scalars ξ0, ξ˜0 from the expansion of Cˆ3. ξ
0 maps under mirror
symmetry to the RR scalar l which is already present in the D = 10 type IIB theory while ξ˜0
maps to the charged RR scalar in type IIB. Moreover, using these identifications one observes
that the gauging (3.58) is precisely what one obtains in the type IIB case with NS electric fluxes
turned on (C.35).
Finally, we need to check that the potential from (3.57) coincides with the one obtained in
the type IIB case (C.34). In the case of type IIA compactified on Yˆ one can identify four distinct
contributions to the potential: from the kinetic terms of Bˆ2 and Cˆ3, from the dualization of C3
in 4 dimensions and from the Ricci scalar of Yˆ . We study these contributions in turn. We go
directly to the four-dimensional Einstein frame which amounts to multiplying every term in the
potential by a factor e4φ coming from the rescaling of
√−g, φ being the four-dimensional dilaton
which is related to the ten-dimensional dilaton φˆ by e−2φ = e−2φˆK.
Using (3.52) we see that the kinetic term of Bˆ2 in (3.48) contributes to the potential
V1 =
e2φ
4K (eib
i + e0)
2
∫
Yˆ
β0 ∧ ∗β0 = −e
−2φ
4K (eib
i + e0)
2
[
(ImM)−1]00 , (3.59)
where the integral over Yˆ was performed using (B.94), (B.112) and (B.26). Similarly, the kinetic
term of Cˆ3 produces the following piece in the potential
V2 = e
4φ (ξ
0)2
8K eiejg
ij , (3.60)
where gij arises after integrating over Yˆ using (B.26). Furthermore, (3.56) contributes
V3 = e
4φ (ξ
0)2
2K (eib
i + e0)
2 . (3.61)
Combining (3.59), (3.60) and (3.61) we arrive at
VIIA = Vg + V1 + V2 + V3 (3.62)
= Vg − e
2φ
4K (eib
i + e0)
2
[
(ImM)−1]00 − e4φ (ξ0)2
2
eIeJ
[
(ImN )−1]IJ ,
11Up to a redefinition of the sign of the fluxes.
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where we used the form of the matrix (ImN )−1 given in (B.86). Vg is a further contribution to
the potential which arises from the Ricci scalar. Since Yˆ is no longer Ricci-flat R contributes to
the potential and in this way provides another sensitive test of the half-flat geometry.
In appendix E we show that for half-flat manifolds the Ricci scalar can be written in terms
of the contorsion as
R = −κmnpκnpm − 1
2
ǫmnpqrs(∇mκnpq − κmplκnlq)Jrs , (3.63)
which, as expected, vanishes for κ = 0. In order to evaluate the above expression we first we have
to give a prescription about how to compute ∇mκnpq. Taking into account that at in the end
the potential in the four-dimensional theory appears after integrating over the internal manifold
Yˆ we can integrate by parts and ‘move’ the covariant derivative to act on J . This in turn can be
computed by using the fact that J is covariantly constant with respect to the connection with
torsion (3.15). Replacing the contorsion κ from (D.18), going to complex indices and using the
defining relations for the torsion (3.27), (3.29) and (3.38) one can find after some straightforward
but tedious algebra the expression for the Ricci scalar. The calculation is presented in appendix
E and here we only record the final result
R = −1
8
eiejg
ij
[
(ImM)−1]00 . (3.64)
Taking into account the factor e
−2φˆ
2 which multiplies the Ricci scalar in the 10 dimensional
action (3.48) and the factor e4φ coming from the four-dimensional Weyl rescaling one obtains
the contribution to the potential coming from the gravity sector to be
Vg = − e
2φ
16K eiejg
ij
[
(ImM)−1]00 . (3.65)
Inserted into (3.62) and using again (B.86) we can finally write the entire potential which appears
in the compactification of type IIA supergravity on Yˆ
VIIA = −e
4φ
2
(
(ξ0)2 − e
−2φ
2
[
(ImM)−1]00) eIeJ [(ImN )−1]IJ . (3.66)
In order to compare this potential to the one obtained in type IIB case (C.34) we should
first see how the formula (3.66) changes under the mirror map. We know that under mirror
symmetry the gauge coupling matrices M and N are mapped into one another. In particular
this means that12 [
(ImMA)−1
]00 ↔ [(ImNB)−1]00 = − 1KB . (3.67)
where we used the expression for (ImN )−1 from (B.86). With this observation it can be easily
seen that the type IIA potential (3.66) is precisely mapped into the type IIB one (C.34) provided
one identifies the electric flux parameters eI ↔ e˜A and the four-dimensional dilatons on the two
sides.
To summarize the results obtained in this section, we have seen that the low energy effective
action of type IIA theory compactified on Yˆ is precisely the mirror of the effective action obtained
in section C.2 for type IIB theory compactified on Y in the presence of NS electric fluxes.
This is our final argument that the half-flat manifold Yˆ is the right compactification manifold
for obtaining the mirror partners of the NS electric fluxes of type IIB theory. In particular
the interplay between the gravity and the matter sector which resulted in the potential (3.66)
provided a highly nontrivial check on this assumption.
12In order to avoid confusions we have added the label A/B to specify the fact that the corresponding quantity
appears in type IIA/IIB theory.
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3.4 Type IIB on a half-flat manifold
In the previous section, Vafa’s proposal that the mirror of the NS fluxes should come from the
geometry of the internal manifold was made more concrete : it was conjectured that when NS
fluxes are turned on in type IIB theory, mirror symmetry requires the presence of a new class
of manifolds, known as half-flat manifolds with SU (3) structure on type IIA side. The main
argument supporting this proposal was provided by showing that the low-energy effective actions
for the type IIB compactified on a Calabi-Yau three-fold in the presence of electric NS three-
form flux and type IIA compactified on a half-flat space are equivalent. The purpose of this
section is to test this conjecture in the reversed situation. We want to show that compactifying
type IIB theory on half-flat manifolds produces an effective action which is mirror equivalent
to type IIA theory compactified on Calabi-Yau three-folds with NS three-form flux turned on,
whose action is reviewed in appendix C.1.
Following the previous sections, we will now perform the compactification of type IIB on a
manifold Yˆ obeying (3.40) and (3.42), which again will turn out to be responsible for generating
mass terms and gaugings in the lower-dimensional action.
Let us start by shortly recording type IIB supergravity in ten dimensions. The NS-NS sector
of the bosonic spectrum consists of the metric gˆMN , an antisymmetric tensor field Bˆ2 and the
dilaton φˆ. In the RR sector one finds the 0-, 2-, and 4-form potentials lˆ, Cˆ2, Aˆ4. The four-form
potential satisfies a further constraint in that its field strength Fˆ5 is self-dual. The interactions
of the above fields are described by the ten-dimensional action [3]
S
(10)
IIB =
∫
e−2φˆ
(
−1
2
Rˆ ∗1+ 2dφˆ ∧ ∗dφˆ− 1
4
dBˆ2 ∧ ∗dBˆ2
)
−1
2
∫ (
dlˆ ∧ ∗dlˆ + Fˆ3 ∧ ∗Fˆ3 + 1
2
Fˆ5 ∧ ∗Fˆ5
)
(3.68)
−1
2
∫
Aˆ4 ∧ dBˆ2 ∧ dCˆ2 ,
where the field strengths Fˆ3 and Fˆ5 are defined as
Fˆ3 = dCˆ2 − lˆdBˆ2 , (3.69)
Fˆ5 = dAˆ4 − dBˆ2 ∧ Cˆ2 .
As it is well known the action (3.68) does not reproduce the correct dynamics of type IIB
supergravity as the self-duality condition of Fˆ5 can not be derived from a variational principle.
Rather this should be imposed by hand in order to obtain the correct equations of motion and
we will come back to this constraint later as it plays a major role in the following analysis.
In order to compactify the action (3.68) on a half flat manifold we proceed as in section
3.3.2 and continue to expand the ten dimensional fields in the forms which appear in (3.40) and
(3.42) even though they are not harmonic. The 4-dimensional spectrum is not modified by the
introduction of the fluxes, and is still obtained by a regular KK expansion
Bˆ2 = B2 + b
i ∧ ωi , i = 1, . . . , h(1,1) , (3.70)
Cˆ2 = C2 + c
i ∧ ωi , (3.71)
Aˆ4 = D
i
2 ∧ ωi + ρi ∧ ω˜i + V A ∧ αA − UA ∧ βA , A = 0, . . . , h(1,2) ,
and thus one finds the two forms B2, C2,D
i
2, the vector fields V
A, UA, and the scalars b
i, ci, ρi.
Additionally, from the metric fluctuations on the internal space one obtains the scalar fields za
and vi (3.35), which correspond to the Calabi-Yau complex structure and Ka¨hler class defor-
mations respectively. Due to the self-duality condition which one has to impose on Fˆ5, not all
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the fields listed above describe physically independent degrees of freedom. Thus as four dimen-
sional gauge fields one only encounters either V A or UA. In the same way, the scalars ρi and
the two forms Di2 are related by Hodge duality and one can eliminate either of the two in the
four dimensional action. In the end one obtains an N = 2 supersymmetric spectrum consist-
ing of a gravity multiplet (gµν , V
0), h(2,1) vector multiplets (V a, za) and 4(h(1,1) + 1) scalars
φ, h1, h2, l, b
i, ci, vi, ρi which form h(1,1) + 1 hypermultiplets.13
Up to this point everything looks like the ordinary Calabi-Yau compactification reviewed in
section 2.3. The difference comes when one inserts the above expansion back into the action
(3.68). Due to (3.40) and (3.42), the exterior derivatives of the fields (3.71) are going to differ
from the standard case
dBˆ2 = dB2 + db
i ∧ ωi + eibiβ0 + e0β0 ,
dCˆ2 = dC2 + dc
i ∧ ωi + eiciβ0 , (3.72)
dAˆ4 = dD
i
2 ∧ ωi + eiDi2 ∧ β0 + dV A ∧ αA − dUA ∧ βA + (dρi − eiV 0) ∧ ω˜i .
In analogy with type IIA case, we have also allowed for a normal H3 flux proportional to β
0.
This naturally combines with the other fluxes parameters ei defined in (3.40) to provide all the
h(1,1) + 1 electric fluxes. With these expressions one can immediately write the field strengths
F3 and F5 from (3.69)
Fˆ3 = (dC2 − ldB2) + (dci − ldbi) ∧ ωi + ei(ci − lbi)β0 − le0β0 , (3.73)
Fˆ5 = (dD
i
2 − dbi ∧C2 − cidB2) ∧ ωi + (Dρi −Kijkcjdbk) ∧ ω˜i + FA ∧ αA − G˜A ∧ βA ,
where we have defined
Dρi = dρi − eiV 0 ,
FA = dV A , GA = dUA , (3.74)
G˜0 = G0 − ei(Di2 − biC2) + e0C2 ; G˜a = Ga .
In order to derive the lower-dimensional action we adopt the following strategy [35]. In the
first stage we are going to ignore the self-duality condition which should be imposed on Fˆ5 and
treat the fields coming from the expansion of Aˆ4 as independent. Thus, initially we naively insert
the expansions (3.72) into (3.73) and perform the integrals over the internal space. To obtain
the correct action we will further add suitable total derivative terms so that the self-duality
conditions appear from a variational principle. At this point one can eliminate the redundant
fields and in this way obtain the four-dimensional effective action and no other constraint has
to be imposed. It can be checked that the result obtained in this way is compatible with the
ten dimensional equations of motion.
Let us apply this procedure step by step. First one inserts the expansions (3.72) and (3.73)
into the ten-dimensional action (3.68). The various terms of this action take the form
− 1
4
∫
Y
dBˆ2 ∧ ∗dBˆ2 = −K
4
dB2 ∧ ∗dB2 −Kgijdbi ∧ ∗dbj + 1
4
(eib
i + e0)
2κ0 ∗ 1 ,
−1
2
∫
Y
Fˆ3 ∧ ∗Fˆ3 = −K
2
(dC2 − ldB2) ∧ ∗(dC2 − ldB2)
−2Kgij(dci − ldbi) ∧ ∗(dcj − ldbj) + 1
2
[
ei(c
i − lbi)− le0
]2
κ0 ∗ 1 ,
13We have implicitly assumed that the two-forms C2 and B2 remain massless in four dimensions and they can
be Hodge dualized to scalars which we have denoted h1 and h2 respectively.
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− 1
4
∫
Fˆ5 ∧ ∗Fˆ5 = +1
4
ImM−1
(
G˜−MF
)
∧ ∗
(
G˜− M¯F
)
(3.75)
−Kgij(dDi2 − dbi ∧ C2 − cidB2) ∧ ∗(dDj2 − dbj ∧ C2 − cjdB2)
− 1
16Kg
ij(Dρi −Kilmcldbm) ∧ ∗(Dρi −Kjnpcndbp) ,
−1
2
∫
Aˆ4 ∧ dBˆ2 ∧ dCˆ2 = −1
2
KijkDi2 ∧ dbj ∧ dck −
1
2
ρi
(
dB2 ∧ dci + dbi ∧ dC2
)
,
+
1
2
eiV
0 ∧ (cidB2 − bidC2)− 1
2
e0V
0 ∧ dC2 .
In order to write the above formulae we have defined κ0 =
(
ImM−1)00. In the gravitational
sector, beyond the usual part containing the kinetic terms for the moduli of Yˆ there will be a
further contribution coming entirely from the internal manifold which is due to the fact that Yˆ
is not Ricci-flat and which will generate a piece of potential in four dimensions. The Ricci scalar
for half-flat manifolds was computed in appendix E and here we will just record the effective
potential generated in this way
Vg = − κ0
16Ke
2φeiejg
ij . (3.76)
At this point we have to impose the self-duality condition for Fˆ5 which translates into the
following constraints on the four dimensional fields
dDi2 − dbi ∧ C2 − cidB2 =
1
4Kg
ij ∗ (Dρi −Kijkcjdbk) ,
∗G˜A = ReMAC ∗ FC − ImMACFC , (3.77)
with Dρi and G˜A defined in (3.74). By adding the following total derivative term to the action
Ltd = +1
2
dDi2 ∧ dρi +
1
2
FA ∧GA
= +
1
2
dDi2 ∧Dρi +
1
2
FA ∧ G˜A − 1
2
(eib
i + e0)F
0 ∧ C2 (3.78)
the constraints (3.77) can be found upon variation with respect to dDi2 and GA respectively. This
allows us to eliminate the fields dDi2 and GA using their equations of motion and consequently
the effective action obtained in this way describes the correct dynamics for the remaining fields
which now do not have to satisfy any further constraint.
After the dualization of the 2-forms C2 and B2 to the scalars h1 and h2 one obtains the
effective action for type IIB supergravity compactified to four dimensions on a half-flat manifold
S
(4)
IIB =
∫
−1
2
R ∗1− gabdza ∧ ∗dz¯b − gijdti ∧ ∗dt¯j − dφ ∧ ∗dφ
−e
2φ
8K g
−1 ij
(
Dρi −Kiklckdbl
)
∧ ∗ (Dρj −Kjmncmdbn)
−2Ke2φgij
(
dci − ldbi) ∧ ∗ (dcj − ldbj)− 1
2
Ke2φdl ∧ ∗dl (3.79)
− 1
2Ke
2φ
(
dh1 − biDρi + e0V 0
) ∧ ∗ (dh1 − bjDρj + e0V 0)− e4φDh˜ ∧ ∗Dh˜
+
1
2
ReMABFA ∧ FB + 1
2
ImMABFA ∧ ∗FB − VIIB ∗ 1 ,
where
Dh˜ = dh2 + ldh1 + (c
i − lbi)Dρi + le0V 0 − 1
2
Kijkcicjdbk . (3.80)
3.5. CONCLUSIONS 49
Performing the field redefinitions [17]
a = 2h2 + lh1 + ρi(c
i − lbi) , ξ0 = l , ξi = lbi − ci , (3.81)
ξ˜i = ρi +
l
2
Kijkbjbk −Kijkbjck , ξ˜0 = −h1 − l
6
Kijkbibjbk + 1
2
Kijkbibjck ,
the metric for the hyperscalars takes the standard quaternionic form of [22] which is now exactly
the mirror image of (C.12) with the gauge coupling matrices N andM exchanged as prescribed
by the mirror map. Introducing the collective notation qu = (φ, a, ξI , ξ˜I) we can write the final
form of the four dimensional action
SIIA =
∫ [
− 1
2
R∗1− gabdza ∧ ∗dz¯b − h˜uvDqu ∧ ∗Dqv − VIIB ∗ 1
+
1
2
ImMABFA ∧ ∗FB + 1
2
ReMABFA ∧ FB
]
, (3.82)
where the scalar potential has the form
VIIB =
κ0
4
e+2φeIeJ
(
ImN−1)IJ − κ0
2
e4φ(eIξ
I)2. (3.83)
The non-trivial covariant derivatives are
Dξ˜I = dξ˜I − eIV 0 ; Da = da+ eIV 0ξI , (3.84)
while all the other fields remain neutral.
This ends the derivation of the effective action of type IIB theory compactified to four
dimensions on half-flat manifolds. One can immediately notice that the gaugings (3.84) are
precisely the same as in the case of type IIA theory (C.6) and (C.9) when all the magnetic fluxes
pA are set to zero. It is not difficult to see that in this case also the potentials (3.83) and (C.11)
coincide. For this one should just note that under mirror symmetry κ0 = (ImM−1B )00 is mapped
to − 1KA , KA being the volume of the Calabi-Yau manifold on which type IIA is compactified.
3.5 Conclusions
In this chapter we proposed that type IIB (respectively IIA) compactified on a Calabi-Yau
threefold Y˜ with electric NS three-form flux is mirror symmetric to type IIA (respectively IIB)
compactified on a half-flat manifold Yˆ with SU(3) structure. The manifold Yˆ is neither complex
nor is it Ricci-flat. Nonetheless, though topologically distinct, it is closely related to the ordinary
Calabi–Yau mirror partner Y of the original threefold Y˜ . In particular, we argued that the
moduli space of half-flat metrics on Yˆ must be the same as the moduli space of Calabi–Yau
metrics on Y . Furthermore, it is the topology of Yˆ that encodes the even-dimensional NS-flux
mirror to the original H3-flux on Y˜ .
We further strengthened this proposal by deriving the low-energy type IIA (IIB) effective
action in the supergravity limit and showing that it is exactly equivalent to the appropriate
type IIB (IIA) effective action. In particular, the resulting potential delicately depends on the
non-vanishing Ricci scalar of the half-flat geometry and thus provided a highly non-trivial check
on our proposal.
It is interesting to note that one particular NS flux e0 played a special role in that it did not
arise from the half-flat geometry but appeared as a NS three-form flux H3 ∈ H(3,0)(Y˜ ). In this
context, it appears that mirror symmetry only acts on the ‘interior’ of the Hodge diamond in
that it exchanges H(1,1) ↔ H(1,2) but leaves H(3,3) ⊕H(0,0) and H(3,0) ⊕H(0,3) untouched. Put
another way, it appears that it is the same single NS electric flux which is associated to both
H(3,0) ⊕H(0,3) and H(3,3) ⊕H(0,0) on a given Calabi–Yau manifold.
We found that requirements of mirror symmetry provided a number of conjectures about the
geometry of the half-flat manifold Yˆ . For instance the cohomology groups of Yˆ shrink compared
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to those of Y in that the Hodge numbers h(1,1) and h(1,2) are reduced by one. In addition, a
non-standard KK reduction had to be performed in order to obtain masses for some of the scalar
fields. This in turn led us to make a number of assumptions which need to be better understood
from a mathematical point of view. One particular conjecture is the following. In general, the
electric NS H3-flux maps under mirror symmetry to some element ζ ∈ H4(Y ). Mirror symmetry
would appear to imply that
for all integer fluxes ζ ∈ H4(Y ) there should be a unique manifold Yˆζ admitting a
family of half-flat metrics such that the moduli space of such metricsM(Yζ) is equal
to the moduli space M(Y ) of Calabi–Yau metrics on Y .
We note that it should be possible to determine this moduli space of half-flat geometries di-
rectly from its definition and without relying on the physical relation with Calabi-Yau threefold
compactification.14 Moreover, a more precise mathematical statement about the relationship
between a given Calabi-Yau threefold Y and its ‘cousin’ half-flat geometry on Yˆ should also be
possible.
Finally, our analysis only treated electric NS fluxes. The discussion of the magnetic ones
is technically more involved. Indeed, when type IIB is compactified on a Calabi-Yau manifold
with magnetic NS form fluxes, a massive RR two-form appears which has no obvious counterpart
on the type IIA side. In the second approach where type IIA is compactified on a Calabi-Yau
manifold with magnetic NS three-form fluxes, no massive forms are present. Thus, it appears
that in this picture it would be easier to look for the magnetic fluxes. However, in this case we
encounter an other puzzle. Recall that when type IIA is compactified on a Calabi-Yau 3-fold
with NS electric and magnetic fluxes (C.6), all the scalars ξA and ξ˜A are gauged, with respect
to the same vector A0. The corresponding vector in type IIB is V 0 which only appears in the
expansion of the self-dual field strength Fˆ5. With a quick look at the action (2.58) one can
immediately see that the scalars ξI , that are l and lbi − ci, whose kinetic term do not involve
any Aˆ4 or Fˆ5, have no reason to be gauged under V
0. Thus it appears that some additional
important ingredient still has to be found in order to reconcile electric and magnetic fluxes.
Nevertheless, we think that a few lines can be drawn. Recall that in the definition of the NS
fluxes
H3 ∼ mAαA − eAβA, (3.1)
the electric and magnetic fluxes are treated on the same footing; they are coefficients of an
expansion on a basis (αA , β
B) of harmonic forms on H3. In type IIB, when only electric fluxes
are turned on, the spectrum contains the usual massless RR 2-form C2. However, when only
magnetic fluxes are present, C2 becomes massive, with a mass proportional to the fluxes (C.26).
Since the notion of ”electric” or ”magnetic” is just a matter of choice of basis, how is it possible
that magnetic and electric fluxes lead to so different results? Actually the difference only lies
in the way one distributes the degrees of freedom. In [7], it was showed in a similar situation15
that the massive 2-form is dual to a scalar and a massive vector. The scalar has the exact same
couplings as would have the dual of the massless 2-form, and with the emergence of the extra
vector comes a symmetry which allows to eliminate one vector. Thus the number of physical
degrees of freedom is indeed unchanged. Following this idea, on can note that C2 becomes
massive when magnetic fluxes are present only because, in the process of discarding half of the
fields due to self-duality of Fˆ5, the independent vectors in the expansion of Aˆ4 are chosen to
be the V A. If one chooses instead to keep the UA, then C2 is no longer massive, and one can
check that the magnetic fluxes are mapped correctly, provided the rules for mapping are slightly
modified.
14In this respect a generalization of ref. [65] might be useful.
15The massive form was the NS 2-form B2 and the fluxes were coming from the RR sector, but the results can
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The problem arises when both kinds of fluxes are turned on. If one keeps V A, then C2 acquires
a mass proportional to mA, but if one keeps UA, C2 is also massive with a mass proportional to
eA. This means that the obstruction to having both fluxes at the same time seems to be related
to a matter of dualization. Since the electric fluxes parameterize the failure of Ω+ to be closed
(3.28), the magnetic fluxes may naturally be involved in its failure to be co-closed. One may
then want to impose
d†Ω+ = miωi. (3.2)
Recall that Ω+ and Ω− are related by ∗Ω+ ∼ Ω−. This would suggest that magnetic fluxes
require a further generalization of the half-flat geometry allowing the possibility dΩ− 6= 0.
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Chapter 4
Equations of motion for
Nicolai-Townsend multiplet
4.1 Introduction
The action for N = 4 supergravity theory containing an antisymmetric tensor was first given
by Nicolai and Townsend [12] already in the early eighties. It was derived from the Lagrangian
of [66] after a standard dualization of the pseudo-scalar. These theories are best understood as
coming from compactification of N = 1 d = 10 pure supergravity on a six-dimensional torus
T 6 [11]. A consistent truncation of type IIA supergravity in 10 dimensions is realized by turning
off the RR fields A1 and C3 in the bosonic sector, and by keeping only half of the fermions, one
gravitino and one dilatino [11, 67]. The resulting action describes the dynamics of the N = 1
gravity multiplet, composed of the metric gˆMN , the dilaton φˆ and the antisymmetric NS tensor
BˆMN as bosonic fields, one gravitino and one dilatino as fermionic fields. With a simple counting
of the bosonic degrees of freedom, one can deduce how the reduced fields arrange in N = 4
multiplets. The reduction of the metric leads to the metric in 4 dimensions gµν , 6 vectors Aµm
and 21 scalars Amn. The antisymmetric tensor gives one antisymmetric tensor Bµν , 6 vectors
Bµm and 15 scalars Bmn. In 4 dimensions, the N = 4 gravity multiplet contains the metric, 6
vectors, one scalar and one pseudo-scalar dual to an antisymmetric tensor. Substracting these
degrees of freedom from the full spectrum, one is left with 6 vectors and 36 scalars, which lie in
6 vector multiplets1.
More precisely, apart from the metric, the fields belonging to the gravity multiplet are
the following : 6 vectors (graviphotons) vµ
u, u = 1..6, corresponding to a particular linear
combination2 of Aµm and Bµm, the antisymmetric tensor and the dilaton. The superspace
formulation of this multiplet, which we call the N-T multiplet in the following, encountered
a number of problems identified in [68] and overcome in [69] by introducing external Chern-
Simons forms for the graviphotons. Recently, a concise geometric formulation was given for this
supergravity theory in central charge superspace [13].
The geometric approach adopted and described in detail in [13] was based on the superspace
soldering mechanism involving gravity and 2–form geometries in central charge superspace [70].
This soldering procedure allowed to identify various gauge component fields of the one and
the same multiplet in two distinct geometric structures: graviton, gravitini and graviphotons
in the gravity sector and the antisymmetric tensor in the 2–form sector. Supersymmetry and
central charge transformations of the component fields were deduced using the fact that in the
geometric approach these transformations are identified on the same footing with general space-
time coordinate transformations as superspace diffeomorphisms on the central charge superspace.
Moreover, the presence of graviphoton Chern-Simons forms in the theory was interpreted as an
1A N = 4 vector multiplet contains one vector and 6 scalars as bosonic fields.
2The other independent linear combination of the vectors Aµm and Bµm corresponds to the vectors, which,
together with the 36 scalars gmn and Bmn, form the 6 vector multiplets.
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intrinsic property of central charge superspace and a consequence of the superspace soldering
mechanism.
The aim of the present work is to emphasize that the geometric description in [13] is on-shell,
that is the constraints used to identify the component fields of the N-T supergravity multiplet
imply also the equations of motion for these fields. Therefore, we begin with recalling briefly
the basics of extended supergravity in superspace formalism. Then we identify the component
fields [13] and specify the constraints we use. In section 3, we derive the equations of motion
directly from constraints and Bianchi identities, without any knowledge about a Lagrangian.
Finally, we compare these equations of motion with those found from the component Lagrangian
given in the original article by Nicolai and Townsend [12].
4.2 Extended supergravities in superspace
In this section we briefly describe the geometry of extended superspace. We only give the
notions that will be relevant to the remainder of this chapter. Very detailed accounts of super-
space formalism can be found for example in [71] [72] for N = 1, and in [73] [74] for extended
supergravities. We use the exact same conventions as in [72, 73]. The superspace is made of
the space-time coordinates xm, with additional fermionic coordinates θαA, θ
A
α˙ and bosonic central
charges coordinates zu, where the index A counts the number of supercharges and u the number
of central charges. As usual, we define the vielbein one-form
EA = dzMEMA (4.1)
where zM = (xm, θαA, θAα˙, z
u) is the generalized coordinate on the superspace. The generic
structure group is SL(2, C) × U(N), with connection ΦAB. The covariant derivatives act on
tensor fields in the following way
DuA = duA + uBΦBA (4.2)
DvA = dvA − (−)deg(v)ΦABvB (4.3)
and lead to the algebra
(DC , DB)uA = −TCBFDFuA +RCBFAuF (4.4)
(DC , DB) vA = −TCBFDFvA −RCBAFvF (4.5)
where the torsion and the Riemann tensor are
TA = dEA + EBΦBA (4.6)
RAB = dΦAB +ΦACΦCB. (4.7)
These tensors are subject to consistency conditions expressed by the Bianchi Identities
DTA = EBRBA (4.8)
DRBA = 0. (4.9)
In the case of the superspace without central charges, Dragon’s theorem [75] states that using
(4.8), one can express all the components of the Riemann tensor in terms of the components
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of the torsion. Moreover, once (4.8) is solved, (4.9) is identically satisfied. Under very mild
assumptions [73] [74], this theorem can be extended to the superspace with central charges.
This is why in our case we will only consider (4.8). In components it reads
(
DCBA
)
T
: EBECED
(DDTCBA + TDCFTFBA −RDCBA) = 0. (4.10)
4.3 Identification of the fields
In this section we recall the essential results of [13] concerning the identification of the com-
ponents of the N-T multiplet. Recall that in geometrical formulation of supergravity theories
the basic dynamic variables are chosen to be the vielbein and the connection. Considering cen-
tral charge superspace this framework provides a unified geometric identification of graviton,
gravitini and graviphotons in the frame EA = (Ea, EαA , EAα˙ , E
u).
Ea = dxµeµ
a , EαA =
1
2
dxµψµ
α
A , E
A
α˙ =
1
2
dxµψ¯µ
A
α˙ , E
u = dxµvµ
u , (4.11)
while the antisymmetric tensor can be identified in a superspace 2–form B:
B =
1
2
dxµdxνbνµ. (4.12)
The remaining component fields, a real scalar and 4 helicity 1/2 fields, are identified in the
supersymmetry transforms of the vielbein and 2–form, that is in torsion (TA = DEA) and
3–form (H = dB) components. The Bianchi identities satisfied by these objects are
DTA = EBRBA , dH = 0 , (4.13)
and, displaying the 4–form coefficients,
(DCBA)H : E
AEBECED
(
2DDHCBA + 3TDCFHFBA
)
= 0. (4.14)
By putting constraints on torsion and 3–form we have to solve two problems at the same
time: first, we have to reduce the huge number of superfluous independent fields contained in
these geometrical objects, and second, we have to make sure that the antisymmetric tensor takes
part of the same multiplet as eµ
a, ψµ
α
A, ψ¯µ
A
α˙, vµ
u (soldering mechanism).
Indeed, the biggest problem in finding a geometrical description of an off-shell supersym-
metric theory is to find suitable covariant constraints which do reduce this number but do not
imply equations of motion for the remaining fields. There are several approaches to this ques-
tion. One of them is based on conventional constraints, which resume to suitable redefinitions
of the vielbein and connection and which do not imply equations of motion [76]. However, such
redefinitions leave intact torsion components with 0 canonical dimension and there is no general
recipes to indicate how these torsion components have to be constrained. A simpler manner of
constraining 0 dimensional torsion components together with conventional constraints give rise
to the so-called natural constraints, which were analyzed in a systematic way both in ordinary
extended superspace [77] and in central charge superspace [73].
The geometrical description of the N-T multiplet is based on a set of natural constraints
in central charge superspace with structure group SL(2,C) ⊗ U(4). The generalizations of the
canonical dimension 0 “trivial constraints” [77] to central charge superspace are
TCγ
B
β
a = 0 , TCγ
β˙
B
a = −2iδCB(σaǫ)γ β˙ , T γ˙Cβ˙Ba = 0 , (4.15)
TCγ
B
β
u = ǫγβT
[CB]u , TCγ
β˙
B
u = 0 , T γ˙C
β˙
B
u = ǫγ˙β˙T [CB]
u . (4.16)
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As explained in detail in the article [13], the soldering is achieved by requiring some anal-
ogous, “mirror”-constraints for the 2–form sector. Besides the -1/2 dimensional constraints
HCγ
B
β
A
α = H
C
γ
B
β
α˙
A = H
C
γ
β˙
B
α˙
A = H
γ˙
C
β˙
B
α˙
A = 0, we impose
HCγ
B
βa = 0 , H
C
γ
β˙
Ba = −2iδCB(σaǫ)γ β˙L , H γ˙Cβ˙Ba = 0 , (4.17)
HBβ
A
αu = ǫβαHu
[BA] , HCγ
β˙
Bu = 0 , H
β˙
B
α˙
Au = ǫ
β˙α˙H
u[BA] , (4.18)
with L a real superfield. The physical scalar φ of the multiplet, called also graviscalar, is
identified in this superfield, parameterized as L = e2φ. In turn, the helicity 1/2 fields, called also
gravigini fields, are identified as usual [78], [79], [68] in the 1/2–dimensional torsion component
ǫβγTCγ
B
β
A
α˙ = 2T
[CBA]
α˙, ǫβ˙γ˙T
γ˙
C
β˙
B
α
A = 2T[CBA]
α. (4.19)
The scalar, the four helicity 1/2 fields, together with the gauge–fields defined in (4.11) and
(4.12) constitute the N-T on-shell N = 4 supergravity multiplet. However, the 0 dimensional
natural constraints listed above are not sufficient to insure that these are the only fields trans-
forming into each-other by supergravity transformations. The elimination of a big number of
superfluous fields is achieved by assuming the constraints
DDαT[CBA]α = 0 , DDα˙T [CBA]α˙ = 0 , (4.20)
and
TzBA = 0, (4.21)
as well as all possible compatible conventional constraints3 [77], [73].
It is worthwhile to note that even at this stage the assumptions are not sufficient to constrain
the geometry to the N-T multiplet. This setup allows to give a geometrical description at least of
the coupling of N = 4 supergravity with antisymmetric tensor to six copies of N = 4 Yang-Mills
multiplets [11]. Nevertheless, they are strong enough to put the underlying multiplet on-shell.
In order to see this, one can easily verify that the dimension 1 Bianchi identities
(
δ˙
D
γ˙
C
B
β
α
A
)
T
and(
δ˙
D
γ˙
C
β˙
B
A
α˙
)
T
for the torsion as well as their complex conjugates imply
DDδ T[CBA]α = −iδDEFCBAG(δα)[EF] , Dδ˙DT [CBA]α˙ = −iδCBADEFG(δ˙α˙)[EF] ,
Dδ˙DT[CBA]α = Pαδ˙ [DCBA] , DDδ T [CBA]α˙ = Pδα˙[DCBA] ,
(4.22)
with G and P a priori some arbitrary superfields. Let us write one of the last relations as∑
DC
Dδ˙DT[CBA]α = 0, (4.23)
take its spinorial derivative DEε∑
DC
({
DEε ,Dδ˙D
}
T[CBA]α −Dδ˙D
(DEεT[CBA]α)) = 0, (4.24)
and observe that the antisymmetric part of this relation in the indices ε and α gives rise to Dirac
equation for the helicity 1/2 fields, that is ∂αδ˙T[CBA]α = 0 in the linear approach.
It turns out, that there is a simple solution of both the Bianchi identities of the torsion and
3–form, which satisfies the above mentioned constraints and reproduce the N-T multiplet. The
non-zero torsion and 3–form components for this solution are listed in the appendix, we will
3see equations (F.1) in the appendix
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concentrate here on its properties which are essential for the identification of the multiplet and
the derivation of the equations of motion for the component fields.
Recall that the particularity of this solution is based on the identification of the scalar
superfield φ in the 0 dimensional torsion and 3–form components containing a central charge
index
T [BA]u = 4eφt[BA]u , T[BA]
u = 4eφt[BA]
u , (4.25)
Hu
[BA] = 4eφhu
[BA] , H
u[BA] = 4e
φh
u[BA] , (4.26)
with t[CB]u, t[CB]
u, hu
[BA], h
u[BA] constant matrix elements satisfying the self–duality relations
t[DC]u =
q
4
εDCBAt[BA]
u , hu
[BA] =
q
2
h
u[DC]ε
DCBA with q = ±1. (4.27)
Note, that these relations look similar to some of the properties of the 6 real, antisymmetric
4× 4 matrices αn, βn, (n = 1, 2, 3) of SU(2)⊗ SU(2) [66], [80], which appear in the component
formulation of N = 4 supergravity theories. Indeed, if we define the matrices
t
.
=
(
t[DC]u
t[DC]
u
)
, h
.
=
(
hu[DC] hu
[DC]
)
and (4.28)
Σ
.
=
(
0 q2ε
DCBA
q
2εDCBA 0
)
, 1
.
=
(
1
0δ
DC
BA 0
0 12δ
BA
DC
)
satisfying Σ2 = 1 , (4.29)
then the properties of the matrix elements t[CB]u, t[CB]
u, hu
[BA], h
u[BA] can be resumed in a
compact way as follows:
Σt = t , hΣ = h , (4.30)
th = 1+Σ , (ht)u
v = 2δv
u
. (4.31)
Recall, however that we didn’t fix a priori the number of the central charge coordinates in the
superspace. The interesting feature of the above properties is that taking the trace of relations
in (4.31) one finds δu
u
= 6, that is the number of central charge indices - and thus, the number
of the vector gauge–fields vm
u - is determined to be 6.
These matrices serve as converters between the central charge basis (indices u) and the SU(4)
basis in the antisymmetric representation (indices [DC]). In particular, for the 6 vector gauge
fields vm
u of the N-T multiplet there is an alternative basis, called the SU(4) basis, defined by(
Vµ[DC] Vµ
[DC]
) .
= vµ
u
(
hu[DC] hu
[DC]
)
, (4.32)
where the two components are connected by the self–duality relations
Vµ
[DC] =
q
2
εDCBAVµ[BA]. (4.33)
Moreover, if we look at self–duality properties (4.27) as the lifting and lowering of SU(4)
indices with metric q2εDCBA, then a corresponding metric in the central charge basis can be
defined by
gvu =
q
2
εDCBA hv
[DC] hu
[BA], gvu =
q
2
εDCBA t
[DC]v t[BA]u, (4.34)
satisfying
guwg
wv = δv
u
. (4.35)
These are the objects which are found to connect torsion and 3–form components containing at
least one central charge index
HDCu = TDCzgzu, TDCu = HDCzgzu, (4.36)
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insuring the soldering of the two geometries.
The four helicity 1/2 fields T[CBA]α, T
[CBA]α˙ turn out to be equivalent to the fermionic partner
of the graviscalar φ
λAα = 2DAαφ , λ¯α˙A = 2Dα˙Aφ , (4.37)
since the following duality relation holds in this N = 4 case:
T[CBA]α = qεCBAFλ¯
F
α T
[CBA]α˙ = qεCBAFλα˙F . (4.38)
It is the soldering mechanism between the geometry of supergravity and the geometry of the
2–form, that determines how the superfields G and P in the spinorial derivatives of this helicity
1/2 fields (4.22) are related to the component fields of the multiplet. In particular, we find that
the superfields G are related to the covariant field strength of the graviphotons Fba
u
G(βα)[BA] = −2ie−φF(βα)uhu[BA] , G(β˙α˙)[BA] = −2ie−φF (β˙α˙)uhu[BA] , (4.39)
whereas the superfields P contain the dual field strength of the antisymmetric tensor and the
derivative of the scalar:
DDδ T [CBA]α˙ = qεDCBAPδα˙ , with Pa = 2iDaφ+ e−2φH∗a −
3
4
λAσaλ¯A , (4.40)
Dα˙DT[CBA]δ = qεDCBAP¯δα˙ , with P¯a = 2iDaφ− e−2φH∗a +
3
4
λAσaλ¯A , (4.41)
where we can note that the relations
Pa + P¯a = 4iDaφ , Pa − P¯a = 2e−2φH∗a −
3
2
λAσaλ¯A (4.42)
allow to separate the dual field strength of the antisymmetric tensor and the derivative of the
scalar (as ”real” and ”imaginary” part of P ).
Finally, let us precise that the representation of the structure group in the central charge
sector is trivial, Φu
z = 0, while the U(4) part ΦBA of the SL(2,C)⊗ U(4) connection
ΦBβ
α
A = δ
B
AΦβ
α + δαβΦ
B
A Φ
β˙
B
A
α˙ = δ
A
BΦ
β˙
α˙ − δβ˙α˙ΦAB (4.43)
is determined to be
ΦBA = a
B
A + χ
B
A , (4.44)
with aBA pure gauge and χ
B
A a supercovariant 1–form on the superspace with components
χc
B
A =
1
4
δBA
(
ie−2φH∗c −
i
4
λFσcλ¯F
)
− i
8
(λBσcλ¯A) ,
χCγ
B
A =
1
4
δBAλ
C
γ , χ
γ˙
C
B
A = −1
4
δBAλ¯
γ˙
C , χu
B
A = 0 . (4.45)
This situation is analogous to the case of the 16+16 N = 1 supergravity multiplet which is
obtained from the reducible 20+20 multiplet, described on superspace with structure group
SL(2,C)⊗U(1), by “breaking” the U(1) symmetry [81]. By eliminating this U(4) part from the
SL(2,C)⊗U(4) connection and putting the pure gauge part a to zero, one can define covariant
derivatives for SL(2,C)
DˆuA = DuA − χBAuB DˆuA = DuA + χABuB (4.46)
used in the articles [13] and [12]. Here of course χBA is defined in such a way that its only
non-zero components are χBβ
α
A = δ
α
βχ
B
A and χ
β˙
B
A
α˙ = −δβ˙α˙χAB. Recall that this redefinition of the
connection affects torsion and curvature components in the following way:
TˆCBA = TCBA − χCBA + (−)cbχBCA, (4.47)
RˆDCBA = 0 . (4.48)
In the next section we derive the equations of motion for all the component fields of the N-T
multiplet using its geometrical description presented above.
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4.4 Equations of motion in terms of supercovariant quantities
The problem of the derivation of field equations of motion without the knowledge of a La-
grangian, using considerations on representations of the symmetry group, was considered a long
time ago [82], [83]. The question is particularly interesting for supersymmetric theories and
there are various approaches which have been developed. Let us mention for example the pro-
cedure based on projection operators selecting irreducible representations out of superfield with
arbitrary external spin [84]. About the same period Wess and Zumino suggested the use of differ-
ential geometry in superspace to reach better understanding of supersymmetric Yang-Mills and
supergravity theories. The techniques used in this approach allowed to work out a new method
for deriving equations of motion, namely looking at consequences of covariant constraints, which
correspond to on-shell field content of a representation of the supersymmetry algebra.
In order to illustrate the method let us recall as briefly as possible the simplest example,
the N = 1 Yang-Mills theory described on superspace considering the geometry of a Lie algebra
valued 1–form A [85], [72]. Under a gauge transformation, parameterized by g, the gauge
potential transforms as A 7→ g−1Ag − g−1dg and its field strength F = dA + AA satisfies the
Bianchi identity DF = 0. In order to describe the on-shell multiplet one constrains the geometry
by putting Fαβ = Fαβ˙ = F α˙β˙ = 0. Then the Bianchi identities are satisfied if and only if all
the components of the field strength F can be expressed in terms of two spinor superfields Wα,
W¯ α˙ and their spinor derivatives:
Fβa = i(σaW¯)β , F β˙a = −i(σ¯aW)β˙ , (4.49)
F(βα) = −
1
2
D(βWα) , F (β˙α˙) =
1
2
D(β˙W¯ α˙) , (4.50)
and the gaugino superfields Wα, W¯ α˙ satisfy
DαW¯ α˙ = 0 , Dα˙Wα = 0 , (4.51)
DαWα = Dα˙W¯ α˙ . (4.52)
The components of the multiplet are thus identified as follows: the vector gauge field in the
super 1–form A = idxmam, the gaugino component field as lowest component of the gaugino
superfield Wα = −iλα, W¯ α˙ = iλα˙, and the auxiliary field in their derivatives DαWα =
Dα˙W¯ α˙ = −2D.
Note that the supplementary constraint
DαWα = Dα˙W¯ α˙ = 0 (4.53)
puts this multiplet on-shell. It is a superfield equation and contains all the component field
equations of motion. First of all it eliminates the auxiliary field D and we can derive the
equations of motion for the remaining fields by successively differentiating it. We obtain the
Dirac equation for the gaugino
Dα˙ (DαWα) = −2iDαα˙Wα = 0 , (4.54)
Dα
(Dα˙W¯ α˙) = −2iDαα˙W¯ α˙ = 0 , (4.55)
and from this we derive the relations
Dβ
(Dαα˙Wα) = −2Dαα˙F(βα) + 2i{Wβ , W¯ α˙} = 0 , (4.56)
Dβ˙ (Dαα˙W¯ α˙) = 2Dαα˙F (β˙α˙) − 2i{W¯ β˙ ,Wα} = 0 ,
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which correspond to the well-known Bianchi identities Dαβ˙F (β˙α˙)−Dβα˙F(βα) = 0 and equations
of motion Dαβ˙F (β˙α˙) +Dβα˙F(βα) = 2i{Wα, W¯ β˙} for the vector gauge field.
The case of supergravity is similar to this, the gravigino superfields T[CBA]α, T
[CBA]α˙ (or λAα,
λ¯α˙A in (4.38)) play an analogous roˆle to the gaugino superfields Wα, W¯ α˙. In order to derive the
free equations of motion of component fields in a supergravity theory it is sufficient to consider
only the linearized version [86], [87], [79] and the calculations are simple. Considering the full
theory one obtains all the nonlinear terms which arise in equations of motion derived from a
Lagrangian in component formalism.
Recall that the dimension 1 Bianchi identities in the supergravity sector imply the relations
(4.22) for the spinor derivatives of the gravigino superfields. These properties can be written
equivalently as
∑
DC
Dδ˙DT[CBA]α = 0 ,
∑
DCDDδ T [CBA]α˙ = 0 ,
DDαT[CBA]α = 0 , DDα˙T [CBA]α˙ = 0 ,
DD(δTα)[CBA] − 14δDEFCBADG(δTα)[GEF] = 0 , D
(δ˙
D T
α˙)[CBA] − 14δCBADEFD
(δ˙
G T
α˙)[GEF] = 0 ,
(4.58)
and they are the N = 4 analogues of the relations (4.51) and (4.53) satisfied by the gaugino
superfield corresponding to the on-shell Yang-Mills multiplet.
Therefore, by analogy to the Yang–Mills case, the equations of motion for the gravigini,
the graviphoton, the scalar and the antisymmetric tensor can be deduced from the superfield
relations (4.22) by taking successive covariant spinorial derivatives. Let us take the example of
Dirac’s equation, to clarify ideas. We start from (4.24). The anticommutator can be expressed
using (4.4) and (4.5)
{DEǫ , Dδ˙D}T[CBA]α = −T Eδ˙fǫD DfT[CBA]α −REδ˙ βǫDα T[CBA]β (4.59)
where we have used the results displayed in the appendix F for the torsion and curvature
components, which make it possible to evaluate this expression explicitly. When we take the
antisymmetric part in (α , ǫ), the second term in (4.24) drops out because of the symmetry of
G(δα)[ED] in (4.22). Summing on D and E, we obtain (4.65) below.
Consider now all possible spinorial derivatives of relations (4.22). They are satisfied if and
only if in addition to the dimension 1 results the following relations hold:
DCγG(βα)[BA] =
1
3
δCFBA

1
3
∮
γβα
DEγG(βα)[EF] +
i
2
∑
βα
ǫγβλα˙FP¯α
α˙

 (4.60)
Dγ˙CG(β˙α˙)[BA] =
1
3
δBACF

1
3
∮ γ˙β˙α˙
Dγ˙EG(β˙α˙)[EF] +
i
2
β˙α˙∑
ǫγ˙β˙λαFPα
α˙

 (4.61)
DCδG(β˙α˙)[BA] = Dδ(β˙T α˙)[CBA] + UCδ (α˙F T β˙)[FBA] − UBδ (α˙F T β˙)[FAC] − UAδ (α˙F T β˙)[FCB] (4.62)
Dδ˙CG(βα)[BA] = D(β δ˙Tα)[CBA] − UF(αδ˙CTβ)[FBA] + UF(αδ˙BTβ)[FAC] + UF(αδ˙ATβ)[FCB] (4.63)
and
Dβα˙T [CBA]α˙ = 3
2
UFβ
α˙
FT
[CBA]
α˙ (4.64)
Dαβ˙T[CBA]α = −
3
2
UFα
β˙
FT
α
[CBA] (4.65)
with UBβ
α˙
A =
i
4(λ
B
β λ¯
α˙
A − 12δBAλFβλ¯α˙F ).
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Equations of motion for the helicity 1/2 fields.
Note first, that all these relations are implied also by Bianchi identities at dim 3/2. Secondly,
note that the last equations, (4.64) and (4.65), are the Dirac equations for the spin 1/2 fields,
which may be written in terms of the fields λ in the following way:
Dβα˙λ¯α˙A = ie−2φH∗βα˙λ¯α˙A +
9i
8
(λ¯Aλ¯F)λ
F
β , (4.66)
Dαβ˙λAα = −ie−2φH∗αβ˙λAα +
9i
8
(λAλF)λ¯β˙F . (4.67)
a. Consider the spinorial derivative DDδ of the Dirac equation (4.64). The derived identity is
satisfied if and only if in addition to the results obtained till dimension 3/2 the following
relations take place:
Dαα˙Pαα˙ − i
(
e−2φH∗αα˙ +
1
2
λFαλ¯α˙F
)
Pαα˙ +
iq
2
εDCBAG
(β˙α˙)[DC]G(β˙α˙)
[BA] = 0 (4.68)
∑
βα
[
Dβα˙Pαα˙ − i
(
e−2φH∗βα˙ + λ
F
βλ¯α˙F
)
Pα
α˙
]
= 0. (4.69)
b. Consider the spinorial derivative Dδ˙D of (4.65). The identity is satisfied if and only if in
addition to the results obtained till dimension 3/2 the following relations take place:
Dαα˙P¯αα˙ + i
(
e−2φH∗αα˙ +
1
2
λFαλ¯α˙F
)
P¯αα˙ +
iq
2
εDCBAG(βα)[DC]G
(βα)
[BA] = 0 (4.70)
β˙α˙∑[
Dαβ˙P¯αα˙ + i
(
e−2φH∗αβ˙ + λFαλ¯β˙F
)
P¯α
α˙
]
= 0. (4.71)
Equations of motion for the scalar.
Using properties (4.42) the equations of motion for the scalar can be deduced from the sum
of the relations (4.68) and (4.70):
2Da (Daφ) = e−4φH∗aH∗a − e−2φH∗a(λAσaλ¯A)
−3
8
(λBλA)(λ¯Bλ¯A)− 1
2
e−2φFba[BA]F ba[BA] . (4.72)
This equation already shows that in the Lagrangian corresponding to these equations of motion
the kinetic terms of the antisymmetric tensor and of the graviphotons are accompanied by
exponentials in the scalar field.
By the way, the difference of relations (4.68) and (4.70) looks as
DaH∗a = 1
2
e2φ(λAσaλ¯A)Daφ+ i
2
F ∗ba[BA]Fba[BA], (4.73)
and it corresponds of course to the Bianchi identity satisfied by the antisymmetric tensor gauge
field. The topological term F ∗ba[BA]Fba[BA] is an indication of the intrinsic presence of Chern-
Simons forms in the geometry. This feature is analogous to the case of the off-shell N = 2
minimal supergravity multiplet containing an antisymmetric tensor [70]. It arises naturally in
extended supergravity using the soldering mechanism with the geometry of a 2–form in central
charge superspace.
Equations of motion for the antisymmetric tensor.
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Note that relations (4.69) and (4.71) are the selfdual and respectively the anti-selfdual part
of the equation of motion for the antisymmetric tensor. Putting these relations together, we
obtain the equation of motion for the antisymmetric tensor:
εdcbaDbH∗a =
[
Tdc
α
Aλ
A
α + Tdc
A
α˙λ¯
α˙
A
]
e2φ − 1
2
H∗[d(λ
Fσc]λ¯F)
+εdcba
[
3
4
Db(λFσaλ¯F)− (Dbφ)(λFσaλ¯F) + 4e−2φ(Dbφ)H∗a
]
e2φ (4.74)
Consider the spinorial derivative Dδ˙D of the Dirac equation (4.64) and the spinorial derivative
DDδ of (4.65). The identities obtained this way are satisfied if and only if in addition to the
results obtained till dimension 3/2 the following relations hold:
4iDβα˙G(δ˙α˙)[BA] = qεBADC
(
G(βα)[DC]P
αδ˙ + iλ¯α˙Dλ¯
δ˙
CP¯βα˙
)
−G(δ˙α˙)[BF]λAβ λ¯Fα˙ −G(δ˙α˙)[FA]λBβ λ¯Fα˙ (4.75)
4iDαβ˙G(δα)[BA] = qεBADC
(
G(β˙α˙)[DC]P¯δα˙ + iλ
D
αλ
C
δP
αβ˙
)
+G(δα)[BF]λ
Fαλ¯β˙A +G(δα)[FA]λ
Fαλ¯β˙B. (4.76)
Equations of motion for the graviphotons.
Recall that the geometric soldering mechanism between supergravity and the geometry of the
3-form implies that the fields G(βα)[BA] and G
(β˙α˙)[BA] are related to the covariant field strength
of the graviphotons, Fu, by (4.39). Then the previous lemma determines both the equations of
motion and the Bianchi identities satisfied by the vector gauge fields of the multiplet:
DbF bau = − i
2
[
(Pb + P¯b)F
bau + (Pb − P¯b)F ∗bau
]
+
i
4
[
Pb(λ
Bσbaλ¯A)t[BA]
u + P¯b(λBσ¯
baλ¯A)t
[BA]u
]
eφ
− i
4
[
(λAσdcσaλ¯B)Fdc
vhv
[BF]t[FA]
u + (λ¯Aσ¯
dcσ¯aλB)Fdc
vhv[BF]t
[FA]u
]
, (4.77)
DbF ∗bau = i
4
[
Pb(λ
Bσbaλ¯A)t[BA]
u − P¯b(λBσ¯baλ¯A)t[BA]u
]
eφ
− i
4
[
(λAσdcσaλ¯B)Fdc
vhv
[BF]t[FA]
u − (λ¯Aσ¯dcσ¯aλB)Fdcvhv[BF]t[FA]u
]
. (4.78)
Further differentiating (4.75) and (4.76) one can obtain Bianchi identities for the gravitini
and graviton, but here we would like to derive their equations of motion instead.
Equations of motion for the gravitini.
Unlike the equations of motion presented above, the equations of motion for the gravitini
and the graviton are directly given by the superspace Bianchi identities, once the component
fields are identified. For example, the Bianchi identities at dim 3/2 determinate the torsion
components
T(βα)
α
A =
1
16
P¯βα˙λ¯
α˙
A T
(δ˙γ˙)
βD =
1
8
P¯β
(δ˙λ¯
γ˙)
D +
iq
8
εDCBAG
(δ˙γ˙)[CB]λAβ , (4.79)
T (β˙α˙)Aα˙ =
1
16
Pαβ˙λAα T(δγ)
β˙D =
1
8
P(δ
β˙λDγ) +
iq
8
εDCBAG(δγ)[CB]λ¯
β˙
A , (4.80)
4.5. EQUATIONS OF MOTION IN TERMS OF COMPONENT FIELDS 63
and these components are sufficient to give the equations of motion for the gravitini:
εdcba(σ¯cTbaA)
α˙ =
i
4
(λ¯Aσ¯
dσcǫ)α˙P¯c +
i
2
(σ¯baσ¯dλF)α˙Fba[AF]e
−φ , (4.81)
εdcba(σcTba
A)α = − i
4
(λAσdσ¯cǫ)αPc − i
2
(σbaσdλ¯F)αFba
[AF]e−φ . (4.82)
Equations of motion for the graviton.
In order to give the equations of motion for the graviton we need the expression of the
supercovariant Ricci tensor, Rdb = Rdcbaη
ca, which is given by the superspace Bianchi identities
at canonical dimension 2 (F.5). The corresponding Ricci scalar, R = Rdbη
db, is then
R = −2DaφDaφ− 1
2
H∗aH∗ae−4φ +
3
4
e−2φH∗a(λAσaλ¯A) +
3
8
(λBλA)(λ¯Bλ¯A). (4.83)
The knowledge of these ingredients allows us to write down the Einstein equation
Rdb − 1
2
ηdbR = −2
[
DdφDbφ− 1
2
ηdbDaφDaφ
]
−1
2
e−4φ
[
H∗d H
∗
b −
1
2
ηdbH
∗aH∗a
]
−e−2φ
[
Fdf [BA]Fb
f [BA] − 1
4
ηdbFef [BA]F
ef [BA]
]
− i
8
∑
db
[
λFσdDbλ¯F − (DbλF)σdλ¯F
]
−1
8
[
1
4
(λFσdλ¯F) (λ
Aσbλ¯A) + ηdb(λ
BλA)(λ¯Bλ¯A)
]
−1
8
e−2φ
[
H∗d(λ
Fσbλ¯F)− 3ηdbH∗a(λAσaλ¯A)
]
, (4.84)
where one may recognize on the right-hand-side the usual terms of the energy-momentum tensor
corresponding to matter fields: scalar fields, antisymmetric tensor, photon fields and spinor fields
respectively. As it will be shown by (4.96), the contribution of the gravitini is hidden in Rdb.
4.5 Equations of motion in terms of component fields
In the previous section we calculated the equations of motion for all component fields of the N-
T multiplet (graviton (4.84), gravitini (4.81), (4.82), graviphotons (4.77), 1/2-spin fields (4.66),
(4.67), scalar (4.72) and the antisymmetric tensor (4.74)) in terms of supercovariant objects,
which have only flat (Lorentz) indices. In order to write these equations of motion in terms
of component fields, one passes to curved (Einstein) indices by the standard way [71]. General
formulae are easily written using the notation EA = eA = dxµeµA [72].
4.5.1 Supercovariant→component toolkit
Recall that the graviton, gravitini and graviphotons are identified in the super-vielbein. Thus,
their field strengths can be found in their covariant counterparts using
TA =
1
2
dxµdxν
(DνeµA −DµeνA) = 1
2
eBeCTCBA . (4.85)
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For A = a one finds the relation
Dνeµa −Dµeνa = iψ[νAσaψ¯µ]A , (4.86)
which determinates the Lorentz connection in terms of the vierbein, its derivatives and gravitini
fields. For A =Aα and A =α˙A we have the expression of the covariant field strength of the gravitini
Tcb
α
A = eb
µec
νD[νψµ]αA − ebµecν
q
4
εDCBAψ¯ν
Dψ¯µ
CλαB − i
2
e[c
ν(ψ¯ν
Bσ¯b]σ
da)αFda[BA] e
−φ
+
i
4
(ψνFσf [b)
αec]
ν
[
λFσf λ¯A − 1
2
δFAλ
Bσf λ¯B
]
, (4.87)
Tcb
A
α˙ = eb
µec
νD[νψ¯µ]Aα˙ − ebµecν
q
4
εDCBAψνDψµCλ¯α˙B − i
2
e[c
ν(ψνBσb]σ¯
da)α˙Fda
[BA] e−φ
− i
4
(ψ¯ν
Fσ¯f [b)α˙ec]
ν
[
λAσf λ¯F − 1
2
δAFλ
Bσf λ¯B
]
. (4.88)
As for A = u, the central charge indices, we obtain the covariant field strength of the gravipho-
tons
Fba
u = eb
νea
µFνµu + ebνeaµ
[
ψ¯ν
Cψ¯µ
B + iψ¯[ν
Cσ¯µ]λ
B
]
eφt[CB]
u
+eb
νea
µ
[
ψνCψµB + iψ[νCσµ]λ¯B
]
eφt[CB]u , (4.89)
with Fνµu the field strength of the graviphotons Fνµu = ∂νvµu−∂µvνu. In the SU(4) basis this
becomes
Fba
[BA] = eb
νea
µFνµ[BA] + ebνeaµ
[
ψ¯ν
[Bψ¯µ
A] + iψ¯[ν
[Bσ¯µ]λ
A]
]
eφ
+eb
νea
µ q
2
εDCBA
[
ψνDψµC + iψ[νDσµ]λ¯C
]
eφ , (4.90)
with the field strength Fνµ[BA] = Fνµuhu[BA] = ∂νVµ[BA] − ∂µVν [BA].
Since the antisymmetric tensor is identified in the 2–form, the development of its covariant
field strength on component fields is deduced using
H =
1
2
dxµdxνdxρ∂ρbνµ =
1
3!
eAeBeCHCBA (4.91)
and one finds
H∗a = eλaGλ + ieλa
[
ψρFσ
λρλF − ψ¯ρFσ¯λρλ¯F + 1
2
ελρνµψρFσνψ¯µ
F
]
e2φ , (4.92)
with
Gλ = 1
2
ελρνµ [∂ρbνµ − vρuguvFνµv] = 1
2
ελρνµ
[
∂ρbνµ − Vρ[BA]Fνµ[BA]
]
. (4.93)
Note, that the dual field strength, 12ε
λρνµ∂ρbνµ, of the antisymmetric tensor appears in company
with the Chern-Simons term 12ε
λρνµvρ
uguvFνµv. We use the notation Gλ in order to accentuate
this feature. Recall also, that one of the fundamental aims of the article [13] was to explain in
detail that this phenomenon is quite general and arises as an intrinsic property of soldering in
superspace with central charge coordinates.
The lowest component of the derivative of the scalar can be calculated using Dφ =
dxµDµφ = eADAφ , and it is
Daφ = eaµ
(
Dµφ− 1
4
ψµFλ
F − 1
4
ψ¯µ
Fλ¯F
)
, (4.94)
4.5. EQUATIONS OF MOTION IN TERMS OF COMPONENT FIELDS 65
while the lowest component of the double derivative DaDaφ , needed for the expansion of the
equation of motion for the scalar (4.72), becomes
2DaDaφ = 2✷φ+ eaµDµeaν
[
2Dνφ− 1
2
ψνFλ
F − 1
2
ψ¯ν
Fλ¯F
]
− 1
2
H∗a ψµFσaψ¯µF e−2φ
−1
2
Dµ(ψµFλF + ψ¯µFλ¯F)− 1
2
(ψµFDµλF + ψ¯µFDµλ¯F)
− 3i
32
(λCσν λ¯C)
(
ψνFλ
F − ψ¯νFλ¯F
)− 3
4
(ψµFλ
A)(ψ¯µ
Fλ¯A)
−1
4
(ψµFλ
F)(ψµCλ
C) +
1
2
(ψµFλ
F)(ψ¯µ
Cλ¯C)− 1
4
(ψ¯µ
Fλ¯F)(ψ¯
µCλ¯C)
+Fba[FC]
[
1
2
ψ¯µ
Fσ¯baψ¯µC +
i
4
ψ¯ν
Fσ¯νσbaλC
]
e−φ
+Fba
[FC]
[
1
2
ψµFσ
baψµC +
i
4
ψνFσ
ν σ¯baλ¯C
]
e−φ . (4.95)
In order to compare our results with the component expression of the scalar’s equation of motion
derived from [12], we have to replace in this expression ea
µDµeaν with
ea
µDµeaν = V −1∂µ(V gµν)− igµνψ[µAσkψ¯k]A ,
as a consequence of (4.86).
Finally, using Rb
a = 12dx
µdxνRνµba = 12eBeCRCBba , one obtains for the lowest component
of the covariant Ricci tensor Rdb the expression
Rdb =
1
2
∑
db
{
ed
νeµaRνµba + 1
2
εb
µefψµDσdTef
D − 1
2
εb
µef ψ¯µ
Dσ¯dTef D
+
1
4
(
iψµDσdσ¯
fσbµλ
D − iedνδfb ψνDλD
)
Pf
+
1
4
(
iψ¯µDσ¯dσ
f σ¯bµλ¯D − iedνδfb ψ¯Dν λ¯D
)
P¯f
−1
2
e−φF ef [DF]
(
itr(σbµσef )ψ
µ
Dσdλ¯F +
i
2
ed
νψνDσefσbλ¯F
)
−1
2
e−φF ef [DF]
(
itr(σ¯bµσ¯ef )ψ¯
µDσ¯dλ
F +
i
2
ed
ν ψ¯Dν σ¯ef σ¯bλ
F
)
+
1
2
ed
νe−φ
(
tr(σ¯b
µσ¯ef )ψνDψµCF
ef [DC] + tr(σb
µσef )ψ¯
D
ν ψ¯
C
µF
ef
[DC]
)
− 1
2
ed
µ(δDBδ
C
A −
1
2
δDAδ
C
B)
[
(ψ[µDσb
νλB)(ψ¯ν]
Aλ¯B)− (ψ[µDλB)(ψ¯ν]Aσ¯bν λ¯B)
]}
. (4.96)
4.5.2 The equations of motion
In the last subsection we deduced the expression of all quantities appearing in the supercovariant
equations of motion in terms of component fields. We are therefore ready now to replace these
expressions in (4.84), (4.81), (4.82), (4.77), (4.66), (4.67), (4.72), (4.74) and give the equations
of motion in terms of component fields.
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It turns out that the expressions
H˜ρ = eρ
aH∗a −
i
2
e2φψρAλ
A +
i
2
e2φψ¯ρ
Aλ¯A − 3
4
e2φλAσρλ¯A
= Gρ + i
2
e2φ
[
ψκFσρσ¯
κλF − ψ¯κFσ¯ρσκλ¯F + ερκνµψκFσνψ¯µF
]− 3
4
e2φλAσρλ¯A (4.97)
and
F˜ νκz = eνbeκaFba
z +
i
2
ενκµρ
[
ψ¯µ
Dψ¯ρ
C − iq
2
εDCBAλ¯Bσ¯µψρA
]
eφt[DC]
z
− i
2
ενκµρ
[
ψµDψρC − iq
2
εDCBAλ
Bσµψ¯ρ
A
]
eφt[DC]z
= Fνκz − tr(σνκσµρ)
[
ψ¯µ
Dψ¯ρ
C − iq
2
εDCBAλ¯Bσ¯µψρA
]
eφt[DC]
z
−tr(σ¯νκσ¯µρ)
[
ψµDψρC − iq
2
εDCBAλ
Bσµψ¯ρ
A
]
eφt[DC]z (4.98)
appear systematically, and using them, the equations take a quite simple form. Let us also
denote the quantity Fˆνκ
z = eν
beκ
aFba
z , which is called the supercovariant field strength of the
graviphotons in the component approach [88], [12].
Equations of motion for the helicity 1/2 fields.
(
σµDˆµλ¯A
)
β
= −ie−2φH˜µ
[
i
2
(σν σ¯µψνA)β − 3
4
(σµλ¯A)β
]
− i
2
(ψ¯ν
Fλ¯F)(σ
µσ¯νψµA)β
+i∂νφ(σ
µσ¯νψµA)β − e−φFˆκρ[FA](σµσ¯κρψ¯µF)β −
3i
8
(λ¯Aλ¯F)λ
F
β (4.99)
Equations of motion for the gravitini.
ερκνµ(σ¯κDˆνψµA)α˙ = − i
4
e−2φH˜ν
[
ερκνµ(σ¯κψµA)
α˙ + (λ¯Aσ¯
ρσνε)α˙
]− 1
2
∂νφ(λ¯Aσ¯
ρσνε)α˙
−e−φFˆµν[AF]
[
tr(σρκσµν)ψ¯κ
Fα˙ +
i
2
tr(σ¯ρκσ¯µν)(σκλ
F)α˙
]
+
1
8
ψνAλ
F(σ¯ρν λ¯F)
α˙ +
3
8
(ψνAσ
ρνλF)λ¯α˙F −
1
4
(ψνFσ
ρσ¯νλF)λ¯α˙A
+
q
4
ερκνµεCBFAψ¯ν
Cψ¯µ
B(σ¯κλ
F)α˙ (4.100)
Equations of motion for the scalar.
0 = 2V −1∂µ(V gµν∂νφ) +
1
2
V −1∂µ
(
V λAσν σ¯µψνA + V λ¯Aσ¯
νσµψ¯Aν
)
−e−4φGµH˜µ + 1
2
e−2φFνµ[BA]F˜ νµ[BA] (4.101)
Equations of motion for the antisymmetric tensor.
∂κ
(
e−4φV εµνκρH˜ρ
)
= 0 (4.102)
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Equations of motion for the graviphotons.
∂ν
(
V e−2φF˜ νκu
)
=
1
2
V e−4φερνµκH˜ρFνµu (4.103)
Equations of motion for the graviton.
The Einstein equation in terms of component fields is also deduced in a straightforward
manner from (4.84) and (4.96) with the usual Ricci tensor Rµν = 12
∑
µν eν
beκaRµκba. Here we
give the expression of the Ricci scalar:
R = 1
2
ερκνµψρAσκDˆν ψ¯µA − 1
2
ερκνµψ¯ρ
Aσ¯κDˆνψµA
− i
4
λAσµDˆµλ¯A − i
4
λ¯Aσ¯
µDˆµλA − 2∂µφ∂µφ
−e−φFˆκρ[BA]
(
tr(σ¯κρσ¯µν)ψµBψνA +
i
2
tr(σκρσµν)ψµBσν λ¯A
)
−e−φFˆκρ[BA]
(
tr(σκρσµν)ψ¯µ
Bψ¯ν
A +
i
2
tr(σ¯κρσ¯µν)ψ¯µ
Bσ¯νλ
A
)
−1
2
e−4φH˜ρ
(
Gρ + i
2
e2φ(ψκFσρσ¯
κλF − ψ¯κFσ¯ρσκλ¯F + 2ερκνµψκFσνψ¯µF
)
+
1
2
(ψρAλ
A)(ψ¯ρAλ¯A) +
i
2
(λFσρλ¯F)(ψρAλ
A − ψ¯ρAλ¯A)
− 3i
16
ερµνκ(ψρFσµψ¯ν
F)(λAσκλ¯A)− i
2
ερµνκ(ψρFσµψ¯ν
A)(λFσκλ¯A) (4.104)
4.6 Conclusion
The aim of this work was to deduce the equations of motion for the components of the N-
T multiplet from its geometrical description in central charge superspace, and compare these
equations with those deduced from the Lagrangian of the component formulation of the theory
with the same field content [12].
We showed that the constraints on the superspace which allow to identify the components
in the geometry imply equations of motion in terms of supercovariant quantities. Moreover, we
succeeded in writing these equations of motion in terms of component fields in an elegant way,
using the objects H˜µ and F˜µν
u. The equations found this way are in perfect concordance with
the ones deduced from the Lagrangian of Nicolai and Townsend [12]. This result resolves all
remaining doubt about the equivalence of the geometric description on central charge superspace
of the N-T multiplet and the Lagrangian formulation of the theory with the same field content.
As a completion of this work one may ask oneself about an interpretation of the objects H˜µ
and F˜µν
u, which seem to be some natural building blocks of the Lagrangian. Concerning this
question let us just remark the simplicity of the relation
−iχµAA = e−2φH˜µ + 3
8
λAσµλ¯A (4.105)
between H˜µ and the U(1) part of the initial connection (4.45) of the central charge superspace
with structure group SL(2,C) ⊗ U(4).
Having at our disposal now a well-defined and elegant formalism to describe N = 4 super-
gravity, it would be interesting to try to incorporate matter multiplets in this framework. In
particular, according to [11], 6 vector multiplets naturally couple to gravity in the process of
dimensional reduction. In the central charge superspace we have used here, before putting all
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constraints, the maximal number of central charges is 12. Once the constraints have been taken
into account, this number reduces to 6 (4.31), which is exactly the number of vectors contained
in the N = 4 gravity multiplet. However, if one relaxes some of the constraints listed in this
chapter, one may expect that the full number of supercharges would be available. This would
mean that 6 new vectors appear, and it seems natural to think that these vectors would corre-
spond to those arising in the reduction of the gravity multiplet of N = 1 d = 10 supergravity [11].
We hope to report on this issue in a close futur.
Appendix A
Notions of differential geometry
A.1 Einstein’s Gravity
We take the signature (−,+,+, . . .). The space-time has d dimensions and indices are running
from 0 to d − 1. The Christoffel connection is the unique torsion-free connection for which the
metric is covariantly constant
Γµν
ρ =
1
2
gρλ(∂µgνλ + ∂νgµλ − ∂λgµν) (A.1)
∇µgνρ = ∂µgνρ − Γµνλgλρ − Γµρλgνλ = 0. (A.2)
Here is a useful relation :
∂µ
(√−gV µ) = √−g∇µV µ (A.3)
that can be checked using the formula for the determinant of a matrix A
det(A) = exp (Tr lnA) . (A.4)
Since there is no torsion, the commutator of two covariant derivatives is given by the Riemann
tensor as follows
[∇µ , ∇ν ]Vρ = −RµνρλVλ (A.5)
and its expression is
Rµνρλ = ∂µΓνρλ − ∂νΓµρλ + ΓµσλΓνρσ − ΓνσλΓµρσ. (A.6)
The Ricci tensor and scalar are :
Rµν = Rµλνλ
R = gµνRµν . (A.7)
Under a Weyl rescaling
gµν = Ω
−2 gˆµν
gµν = Ω2 gˆµν (A.8)
√−g = Ω−d
√
−gˆ (A.9)
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it behaves like
∫
dxd
√−gΩd−2R =
∫
dxd
√
−gˆ
(
R+ (d− 1)(d− 2)(∂Ω
Ω
)2
)
. (A.10)
Finally, the covariant derivative acts on a Majorana spinor ηα with the connection Γmab as
∇mηα = ∂mηα − 1
4
Γmab(Γ
ab)α
βηβ (A.11)
where Γab is the antisymmetrized product of two Γ-matrices.
A.2 Forms
A p-form is defined by :
Fp =
1
p!
FM1M2...Mpdy
M1dyM2 . . . dyMp . (A.12)
The Hodge dual is
∗ Fp = 1√−g
1
p!(d− p)!FM1M2...Mpǫ
M1M2...Mp
Mp+1...Mddy
Mp+1 . . . dyMd . (A.13)
where we use for the epsilon tensor the convention ǫ12...d = +1 and
ǫM1M2...Md = gM1N1 . . . gMdNdǫ
N1...Nd . (A.14)
This tensor enjoys the following properties
ǫM1...MdǫM1...Md = g · d!
ǫM1M2...MdǫN1M2...Md = g · (d− 1)!δM1N1
ǫM1M2M3...MdǫN1N2M3...Md = g · (d− 2)!δM1M2N1N2
ǫM1...Mp...MdǫN1...NpMp+1...Md = g · (d− p)!δM1...MpN1...Np . (A.15)
where g = det(gMN ) and the δ-symbols satisfy
δ
M1...Mp
N1...Np
FM1...Mp = p!FN1...Np . (A.16)
Then we have that
Hp ∗ Fp = − 1
p!
HM1...MpFM1...Mp
√−gddy
∗ ∗ Fp = −(−)p(d−p)Fp, (A.17)
the extra minus sign being due to the negative signature of the minkowsky space (absent for
Euclidean manifolds). Suppose the whole space-time splits intoM10 =M4×I6, where I6 is an
internal manifold. Then the coordinates of both spaces do not mix, and it is possible to define
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the Hodge dual on each space. In this particular case, the 10-dimensional Hodge dual splits in
the product of 2 forms, one belonging to each space, in the following way
∗10(En ∧ Ip) = (−)np ∗4 En ∧ ∗6Ip, (A.18)
where ∗4 and ∗6 are defined as in (A.13), En and Ip are an external n-form and an internal
p-form.
Finally, the action of the differential operator d, which brings a p-form to a (p+1)-form,
reads
dFp =
1
p!
∂NFM1...Mp dy
NdyM1 . . . dyMp (A.19)
and satisfies
d(FpGq) = dF.G+ (−)pF.dG. (A.20)
It is a nilpotent operator
ddFp = 0 (A.21)
and satisfies Stoke’s theorem
∫
M
dFp =
∫
∂M
Fp. (A.22)
Its conjugate d† brings a p-form to a (p-1)-form. The generalized Laplacian is
∆ = dd† + d†d, (A.23)
and the component expression of these operators1 is
d†Fp = − 1
(p− 1)! (−)
(p−1)(d−p)∇ν(Fp)νν1...νp−1dxν1 . . . dxνp−1 (A.24)
(∆Fp)ν1...νp = −∇ν∇ν(Fp)ν1...νp +
∑
i
[∇ν , ∇νi ](Fp)ν1...ν(i)...νp . (A.25)
Using the positivity of the scalar product (for Euclidean spaces)
< Fp|Hp >=
∫
Fp ∧ ∗Hp (A.26)
and considering the product < Fp|∆Fp >, one can show that a form is harmonic if and only if
it is closed and co-closed
∆Fp = 0⇐⇒ dFp = 0 and d†Fp = 0. (A.27)
1For Euclidean spaces, signs are opposite.
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A.3 Clifford algebra in 6 Euclidean dimensions
For a review of these results, see [89]. We consider Majorana spinors. There are six Gamma
matrices, of dimension 8 obeying Clifford algebra
{Γm , Γn} = 2ηmn. (A.28)
Their conjugation relation is Γ†m = Γm. The chirality operator Γ7 is defined as
Γ7 = iΓ1 . . .Γ6 (A.29)
and satisfies the same conjugation relation (Γ7)
† = Γ7. Majorana spinors on the 6 dimensional
internal space can be defined if we adopt the following conventions for the charge conjugation
matrix C
CT = C , ΓTm = −CΓmC−1 , (A.30)
while the Majorana condition on a spinor η reads
η† = ηT C. (A.31)
From the single Γ-matrices, we can build the antisymmetrized product of k matrices
(Γ(k))m1m2...mk =
1
k!
∑
σ∈Sk
ǫ(σ)Γmσ(1)Γmσ(2) . . .Γmσ(k) , (A.32)
which is a basis for all 8-dimensional matrices for k from 0 to 6. For k = 0 and k = 3 (modulo
4), Γ(k) is symmetric2, and for k = 1 or k = 2 it is antisymmetric. These symmetry properties
of the gamma matrices and C with the above conventions imply that for a commuting Majorana
spinor η the following quantities vanish
η†Γ(1)η = η†Γ(2)η = η†Γ(5)η = η†Γ(6)η = 0 , (A.33)
We will meet several times the product of two such matrices. As an 8-dimensional matrix, this
product can be expanded on the Γ(k). The (heuristic) rule is the following. Take the product
Γm1...mkΓ
n1...np . It will be a linear combination of Γl for l from 0 to k+ p. Since the only tensor
we can use, other than the matrices, is the δ which has two indices, the only terms which survive
are the ones of order k+ p, k+ p− 2 and so on, until there are no ways to take indices from the
lowest order matrix in the product. The expansion reads
Γm1...mkΓ
n1...np = Γm1...mk
n1...np +Aδ[m1
[n1Γm2...mk ]
n2...np] + ... (A.34)
For the sign of A, look at the first term Γm1...mk
n1...np and imagine you take n1 to the right of
m1. Then you have to go through mk,mk−1 . . . m2. Each time you get a minus sign, so the sign
of A is (−)k−1. Its absolute value is C1kC1p , where the 1 stands for the number of indices you take
in the Γ, and C is the combination C ln =
n!
l!(n−l)! . The next term will have an order 2 δ, its sign
will be the previous sign times the sign obtained when going with n2 through mk,mk−1 . . . m3
to go to the right of m2, so(−)k−1(−)k−2, and its coefficient will be C2kC2p , and so on. Suppose
k < p, then the last term in the expansion will be proportional to δ
[n1n2...nk
m1m2...mkΓ
nk+1...np]. The
absolute value of its coefficient will be CkkC
k
p . Let’s take an explicit example to make things
clearer. Following the above rules, it can be checked that
Γm1m2m3Γ
n1n2n3n4 = Γm1m2m3
n1n2n3n4 + 3 ∗ 4δ[n1[m1Γm2m3]
n2n3n4]
−3 ∗ 6δ[n1n2[m1m2Γm3]
n3n4] − 1 ∗ 4δ[n1n2n3m1m2m3Γn4]. (A.35)
2More precisely, the symmetry properties are true for Γ(k)C.
A.4. COHOMOLOGY AND HOMOLOGY CLASSES 73
A.4 Cohomology and homology classes
A p-form Fp is said to be closed iff dFp = 0. It is exact iff there exists a (p-1)-form Gp−1
such that Fp = dGp−1. Obviously, using the property of the derivation (A.21), an exact form is
closed. But the converse needs not be true.
Let’s define the group Zp of closed p-forms, with additive law, and the group Bp of exact
p-forms. Then the group Hp = Zp/Bp contains the classes of closed forms which are equal up
to an exact form. The harmonic forms are examples of closed but not exact forms. A classical
result is that there is actually a unique harmonic form in each cohomology class. Thus the
number of harmonic p-forms is exactly the dimension of Hp. Finally we notice that, when F is
harmonic, so is ∗F . This implies Poincare´ duality Hp ∼ Hn−p. Let hp be the dimension of Hp
(Betti number). Then the Euler characteristic χ is
χ =
∑
p
(−)php. (A.36)
A p-dimensional submanifold γp is a p-cycle iff it has no boundary ∂γp = 0. Since a boundary
has no boundary, ∂ is nilpotent. Thus the boundaries are cycles. But again, the converse needs
not be true, there can be cycles which are not boundaries of some submanifold.
Let’s define the group Zp of p-cycles, and the group Bp of p-boundaries. Then the group
Hp = Bp/Zp contains the classes of p-cycles which are equal up to a boundary.
The analogy between homology and cohomology is striking. Indeed, De Rham’s theorem
states that Hp ∼ Hp. Since we expand all our forms on harmonic forms, the Betti numbers, the
numbers of such forms, are extremely important to us. These numbers are topological invariants,
which can be found by looking for independent p-cycles.
A.5 Almost complex, complex and Ka¨hler manifolds
For a detailed review of the notion of (complex) manifolds, see [90,91]. Here we briefly recall the
main results. A differentiable manifold is described by a set of patches, that can overlap. On
the overlap of two patches, the two sets of coordinates are related by a C∞ diffeomorphism. A
manifold of even dimension 2n is locally diffeomorph to R2n = Cn. If moreover, the changes of
coordinates are holomorphic, then the manifold is complex. An other way to define the notion
of complex manifold is the following. If there is a globally defined 2-tensor Jm
n squaring to −1,
the manifold is called almost complex, and J is the almost complex structure. This does not
mean that J can be used to define complex coordinates globally. To do so, the almost complex
structure must be integrable. This is quantified by its ”torsion”, the Nijenhuis tensor [59]
Nmn
k = Jm
l(∇lJkn −∇nJlk)− Jnl(∇lJkm −∇mJlk). (A.37)
If N vanishes, then the manifold is complex. This means that complex coordinates can be used
safely. Let’s denote them zα, z¯α¯, α, α¯ taking values in 1, 2, 3 and 1¯, 2¯, 3¯. The complex structure
takes the form
Jα
β = +iδα
β , Jα¯
β¯ = −iδα¯β¯ , Jαβ¯ = Jα¯β = 0. (A.38)
It is always possible to choose a hermitian metric for which only the mixed components are
non-vanishing. Lowering the indices of the complex structure with this hermitian metric, one
can check that Jmn = −Jnm. It is thus natural to define a 2-form out of J
J =
1
2!
Jmndy
mdyn. (A.39)
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If J is closed, it is called the Ka¨hler class and the manifold is called Ka¨hler. Some very important
properties come from this assumption
dJ = 0. (A.40)
First of all, in complex component, (A.40) can be rewritten
∂αgββ¯ = ∂βgαβ¯ (A.41)
which means that the metric can be written in terms of a (Ka¨hler) potential K
gαα¯ = ∂α∂α¯K. (A.42)
This in turns implies that the only non-vanishing Christoffell symbols are completely pure in
their indices
Γαβ
γ = gγγ¯∂αgβγ¯ . (A.43)
For the Riemann tensor, it can be checked that the only non-vanishing component is Rαα¯ββ¯ and
the ones obtained by complex conjugation or using the symmetry property
R[mnp]
q = 0. (A.44)
A.6 Homogeneous functions of degree 2
Let F (X) be a homogeneous function of degree 2 of the scalars X1,X2, . . . Xn. This means that
F is a polynomial of the X’s, with integer powers, such that the sum of all powers is 2. F can
be written as
F (X) =
∑
aλ1λ2...λn(X
1)λ1(X2)λ2 . . . (Xn)λn (A.45)
where the sum is other all n-uplets (λ1 . . . λn) in Z
n such that λ1 + . . . + λn = 2 (with only
a finite number of non-zero n-uplets). Obviously such a function has the important property
F (αX1, αX2 . . . αXn) = α2F (X1,X2 . . . Xn), which is precisely the reason why it is used in
N = 2 supergravities.
Let FI be the derivative of F with respect to X
I . Then
F1 =
∂
∂X1
F =
∑
λ1aλ1λ2...λn(X
1)λ1−1(X2)λ2 . . . (Xn)λn
·
·
·
Fn =
∂
∂XnF =
∑
λnaλ1λ2...λn(X
1)λ1(X2)λ2 . . . (Xn)λn−1.
From this we deduce
XIFI =
∑
(λ1 + . . .+ λn)aλ1λ2...λn(X
1)λ1(X2)λ2 . . . (Xn)λn = 2F. (A.46)
Now we successively differentiate (A.46) with respect to XJ ,XK and we obtain
XIFI = 2F (A.47)
XIFIJ = FJ (A.48)
XIFIJK = 0. (A.49)
Appendix B
Calabi-Yau manifolds
B.1 Main properties of CY3
We will start from the definition involving a spinor. A Calabi-Yau manifold admits exactly one
covariantly constant spinor. Using this spinor η, we build the tensor
Jm
n = −iη†ΓmnΓ7η (B.1)
and we want to show that it squares to −1. We evaluate the expression
Jm
nJn
p = −η† aηbη† cηd(ΓmnΓ7)ab(ΓnpΓ7)cd
= −η† aηbη† cηd(Mmp)abcd. (B.2)
We rearrange the spinor indices with Fierz method
(Mm
p)abcd = (km
p)adδcb + (knm
p)ad(Γ
n)cb + (knqm
p)ad(Γ
nq)cb
+(klnqm
p)ad(Γ
lnq)cb + (k˜nqm
p)ad(Γ
nqΓ7)cb
+(k˜nm
p)ad(Γ
nΓ7)cb + (k˜m
p)ad(Γ7)cb. (B.3)
Considering the symmetry of spinor indices in (B.2), we only compute the coefficients (km
p)ad,
(klnqm
p)ad and (k˜nqm
p)ad. Multiplying (B.3) respectively by δ
bc, (Γlnq)
bc and (ΓnqΓ7)
bc, we
obtain
km
p =
5
8
δpm
klnqm
p = − 1
48
δpmΓlnq
knqm
p = − 1
16
δpmΓnqΓ7 −
1
4
gm[nΓq]
pΓ7 − 1
4
δp[nΓq]mΓ7. (B.4)
This leads to
3
2
Jm
nJn
p +
1
16
δpmJnqJ
nq = −9
8
δpm (B.5)
and the final conclusion
Jm
nJn
q = −δpm. (B.6)
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J is thus an almost complex structure. Since η is covariantly constant (with Christoffell
connection), so is J , and the Nijenhuis tensor (A.37) vanishes : the complex structure is inte-
grable and the manifold is complex. Moreover, since J is covariantly constant, it is obviously
Ka¨hler. The last defining property, Ricci-flatness, comes from a consistency condition on the
spinor. The fact that η is covariantly constant is written, according to (A.11)
∇mηα = ∂mηα − 1
4
Γmab(Γ
ab)α
βηβ = 0. (B.7)
Applying an other covariant derivative and taking the commutator, we find
[∇m , ∇n]η = −RmnpqΓpqη = 0. (B.8)
We want a constraint on R, so we multiply successively by Γn, Γl and η†. Using the identities
ΓnΓpq = Γnpq + 2gn[pΓq] (B.9)
ΓlΓ
npq = Γl
npq + 3δ
[n
l Γ
pq] (B.10)
ΓlΓ
q = Γl
q + δql (B.11)
and the symmetry properties (A.33), we obtain
η†ΓlnpqηRmnpq − 2Rml = 0. (B.12)
Since R is subject to the Bianchi identity
Rm[npq] = 0, (B.13)
the only surviving term expresses Ricci-flatness
Rmn = 0. (B.14)
For a proof of the structure of the Hodge diamond (2.16), see [91].
B.2 Integrals on CY3
On the Calabi-Yau manifold one can define complex coordinates ξi
ξ1 =
y1 + iy2√
2
; ξ2 =
y3 + iy4√
2
; ξ3 =
y5 + iy6√
2
. (B.15)
We define the three-dimensional epsilon tensors such that
dξαdξβdξγdξα¯dξβ¯dξγ¯ = ǫαβγǫα¯β¯γ¯d6ξ (B.16)
that is to say ǫ123 = ǫ1¯2¯3¯ = +1 and d6ξ = dξ1dξ2dξ3dξ1¯dξ2¯dξ3¯ = −id6y. The indices are lowered
with the metric as in (A.14), and, keeping in mind that gij = gi¯j¯ = 0, one has the properties
similar to (A.15)
ǫαβγǫαβγ =
√
g3! . . . (B.17)
The relation with the 6-dimensional epsilon tensor is the following. We define the real ǫ-
symbol by ǫ123456 = +1. The indices are lowered with the metric. It follows that in terms of
complex indices one has
ǫαβγα¯β¯γ¯ = −iǫαβγ ǫα¯β¯γ¯ . (B.18)
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B.2.1 (1,1)-form sector
Harmonic (1, 1)-forms are denoted by (ωi)αβ¯ , i running from 1 to h
(1,1). The integrals we
abbreviate as
K = 1
6
∫
Y
J ∧ J ∧ J , Ki =
∫
Y
ωi ∧ J ∧ J , (B.19)
Kij =
∫
Y
ωi ∧ ωj ∧ J , Kijk =
∫
Y
ωi ∧ ωj ∧ ωk ,
where K is the volume and J is the Ka¨hler form which can be expanded in terms of the basis
ωi as
J = viωi . (B.20)
This implies the following identities
Kijkvk = Kij ; Kijvj = Ki
Kivi = 6K (B.21)
We also define the metric on the complexified Ka¨hler cone
gij =
1
4K
∫
Y
ωi ∧ ∗ωj , (B.22)
which, using [92]
∗ωi = −J ∧ ωi + Ki
4KJ ∧ J, (B.23)
can be rewritten
gij = − 1
4K
(
Kij − 1
4KKiKj
)
. (B.24)
On a Calabi-Yau threefold H2,2(Y ) is dual to H(1,1)(Y ) and it is useful to introduce the
dual basis ω˜i normalized by ∫
Y
ωi ∧ ω˜j = δji . (B.25)
With this normalization the following relations hold
gij = 4K
∫
Y
ω˜i ∧ ∗ω˜j , ∗ωi = 4Kgij ω˜j , ∗ω˜i = 1
4K g
ijωj , ωi ∧ ωj ∼ Kijkω˜k , (B.26)
where the symbol ∼ denotes the fact that the quantities are in the same cohomology class.
B.2.2 3-form sector
There are two standard choices of basis for the 3-form sector. One is obviously complex, with
(ηa)αβγ¯ , a running from 1 to h
(2,1), a basis for the (2, 1)-forms, and Ωαβγ is the unique holo-
morphic (3, 0)-form. The other choice is a complete set of 2(h(2,1) + 1) real forms αA , β
A, A
running from 0 to h(2,1). This basis is orthonormal in the following sense
∫
Y
αA ∧ αB =
∫
Y
βA ∧ βB = 0 (B.27)
∫
Y
αA ∧ βB = −
∫
Y
βB ∧ αA = δBA . (B.28)
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The (3, 0)-form Ω can be expanded on this basis with coefficients to be interpreted later
Ω = zAαA −FAβA. (B.29)
Since Ω is covariantly constant, ||Ω||2 defined by
||Ω||2 ≡ 1
3!
ΩαβγΩ¯
αβγ (B.30)
is a constant on the Calabi-Yau manifold.
B.3 Lichnerowicz’s equation
Consider a deformation of the metric gmn = g
0
mn+δgmn such that g
0
mn is hermitian with vanishing
Ricci tensor. Using invariance under diffeomorphisms and tracelessness of the metric, we are
allowed to impose the following constraints on δg
g0mnδgmn = 0 (B.31)
∇mδgmn = 0. (B.32)
The first order variation of the Christoffel symbols can be written as
δΓmn
p =
1
2
g0 pl(∇mδgnl +∇nδgml −∇lδgmn) (B.33)
and leads to the variation of the Riemann tensor
δRmnp
q = ∇mδΓnpq −∇nδΓmpq. (B.34)
Since we want our manifold to remain Calabi-Yau, we have to impose
δRmn = 0. (B.35)
From (B.31), one can immediately see that
δΓlm
l = 0. (B.36)
Plugging this in (B.34) and using (B.32), we find Lichnerowicz equation
∇l∇lδgmn − [∇l , ∇m]δgln − [∇l , ∇n]δglm = 0. (B.37)
This splits into two equations, one on the mixed variations and one on the pure variations.
Taking
δgαα¯ = −ivi(ωi)αα¯ (B.38)
obviously solves (B.37), but for pure variations, the problem is more tricky. First of all there
are no (2,0)-forms on the Calabi-Yau, and second of all, δgαβ is symmetric. We show now that
δgαβ =
i
||Ω||2 z¯
a(η¯a)αβ¯γ¯Ω
β¯γ¯
β (B.39)
is indeed symmetric and solution to (B.37). Consider
Lαβ ≡ (η¯a)αβ¯γ¯Ωβ¯γ¯β − (η¯a)αβ¯γ¯Ωβ¯γ¯β (B.40)
and multiply this equation by Ω¯βλ¯µ¯. We find
LαβΩ¯
β
λ¯µ¯ = −2(η¯a)ρ¯ρ¯λ¯gαµ¯ − 2(η¯a)ρ¯µ¯ρ¯gαλ¯. (B.41)
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From this we can see that if (η¯a)
ρ¯
ρ¯λ¯ = 0, Lαβ = 0. Conversely, by contracting with g
αλ¯ we
obtain
LαβΩ¯
βα
µ¯ = 4(η¯a)
ρ¯
ρ¯µ¯ (B.42)
such that if Lαβ = 0, then (η¯a)
ρ¯
ρ¯µ¯ = 0. Finally, δgαβ is symmetric iff (η¯a)
ρ¯
ρ¯µ¯ = 0. Let us write
the fact that η¯a is harmonic (A.25)
∇m∇m(η¯a)αβ¯γ¯ − [∇m , ∇α](η¯a)mβ¯γ¯
− [∇m , ∇β¯](η¯a)αmγ¯
− [∇m , ∇γ¯ ](η¯a)αβ¯m = 0. (B.43)
We want to compute
Lγ¯ ≡ ∇m∇m(η¯a)β¯ β¯γ¯ − [∇m , ∇γ¯ ](η¯a)β¯ β¯γ¯ , (B.44)
therefore we contract (B.43) with gαβ¯ . To evaluate the commutators, we use (A.5) and the Ricci
flatness. We find
Lγ¯ = −Rβαγ¯δ(η¯a)βαδ −Rδ¯ β¯γ¯δ(η¯a)β¯ δ¯δ = 0. (B.45)
This means that (η¯a)
β¯
β¯γ¯ is a harmonic 1-form. Since there are no such forms on a Calabi-Yau
manifold, (η¯a)
β¯
β¯γ¯ is zero which is the final proof for the symmetry of δgαβ .
Lichnerowicz equation on δgαβ reads
∇l∇lδgαβ − [∇γ , ∇α]δgγβ − [∇γ , ∇β]δgγα = 0. (B.46)
Plugging the expression (2.21) for δgαβ , and contracting with Ω¯β¯γ¯
β, this is equivalent to
∇m∇m(η¯a)αβ¯γ¯ + 2Rγαρ¯β¯(η¯a)γρ¯γ¯ − 2Rγαρ¯γ¯(η¯a)γρ¯β¯ = 0. (B.47)
This is exactly the equation of harmonicity of η¯a (B.43). Thus (2.21) is indeed solution to
Lichnerowicz equation.
B.4 Compactification of the Ricci scalar
We perform an expansion of the Ricci scalar up to order 2 in the moduli. The components of
the metric and its inverse are
gαβ = 0 + z¯
a(b¯a)αβ (B.48)
gαα¯ = g
0
αα¯ − ivi(ωi)αα¯ (B.49)
gαβ = 0− za(ba)α¯β¯g0αα¯g0 ββ¯ (B.50)
gαα¯ = g0αα¯ + ivi(ωi)ββ¯g
0αβ¯g0 βα¯ (B.51)
with
(b¯a)αβ =
i
||Ω||2 (η¯a)αβ¯γ¯Ω
β¯γ¯
β . (B.52)
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Apart from the purely space-time ones, the non-vanishing Christoffell symbols are
Γµα
β =
1
2
(ωi)γγ¯(ωj)αβ¯g
0 γβ¯g0 βγ¯vi∂µv
j − i
2
(ωi)αβ¯g
0 ββ¯∂µv
i
−1
2
(ba)β¯γ¯(b¯b)αγg
0 γβ¯g0 βγ¯za∂µz¯
b (B.53)
Γµα
β¯ =
1
2
(b¯a)αβg
0ββ¯∂µz¯
a +
i
2
(ωi)γγ¯(b¯a)αβg
0βγ¯g0 γβ¯vi∂µz¯
a
+
i
2
(ωi)αγ¯(b¯a)γβg
0 βγ¯g0 γβ¯∂µv
iz¯a (B.54)
Γαβ
µ = −1
2
(b¯a)αβ∂
µz¯a (B.55)
Γαβ¯
µ = +
i
2
(ωi)αβ¯∂
µvi. (B.56)
The 10-dimensional Ricci scalar has the following decomposition
R10 = R4 + g
µνRµαν
α + gαβ
(
Rαµβ
µ +Rαγβ
γ +Rαγ¯β
γ¯
)
(B.57)
+gαβ¯
(
Rαµβ¯
µ +Rαγβ¯
γ +Rαγ¯β¯
γ¯
)
+ c.c. (B.58)
where c.c. means complex conjugate of all terms except R4. Before going further in this calcu-
lation, let’s look at a trick that we will use several times. There will appear terms like
√−g4√g6∇µV µ. (B.59)
Recalling (A.3), we see that this is not exactly a total derivative, because the summation is
not on all indices, but only on the space-time ones. A generic expression like (B.59) will be
transformed into
√−g4√g6∇µV µ ∼ −
√−g4V µ∂µ√g6. (B.60)
where ∼ means equal up to a total space-time derivative. For the derivative of the determinant
of the metric, we use (A.4) and we find
∂µ
√
g6 =
1
2
√
g6
(
gαβ∂µgαβ + g
α¯β¯∂µgα¯β¯ + 2g
αβ¯∂µgαβ¯
)
, (B.61)
which leads to the following expressions for the Ricci scalar
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gµνRµαν
α ∼ 1
2
(
(ωig)(ωjg)− 1
2
ωiωj
)
∂µv
i∂µvj
+
1
4
bab¯b∂µz
a∂µz¯b (B.62)
gαβRαµβ
µ ∼ 1
2
bab¯b∂µz
a∂µz¯b (B.63)
gαβ
(
Rαγβ
γ +Rαγ¯β
γ¯
)
= O(3) (B.64)
gαβ¯Rαµβ¯
µ ∼ 1
2
(
(ωig)(ωjg)− 1
2
ωiωj
)
∂µv
i∂µvj
−1
4
bab¯b∂µz
a∂µz¯b (B.65)
gαβ¯Rαγβ¯
γ = −1
4
((ωig)(ωjg)− ωiωj) ∂µvi∂µvj (B.66)
gαβ¯Rαγ¯β¯
γ¯ = −1
4
(ωig)(ωjg)∂µv
i∂µvj
−1
4
bab¯b∂µz
a∂µz¯b (B.67)
where O(3) means of order in the moduli greater or equal to 3. Finally we obtain
∫
d10xˆ
√
−gˆRˆ = ∫ d4x√−g4 (KR4 + Pij∂µvi∂µvj
+Qab∂µz
a∂µz¯b
)
, (B.68)
with
Pij =
∫
Y
(ωig)(ωjg)− 1
2
ωiωj (B.69)
Qab =
1
2
∫
Y
bab¯b (B.70)
(ωig) = (ωi)αβ¯g
0αβ¯ (B.71)
ωiωj = (ωi)αα¯(ωj)ββ¯g
0αβ¯g0 βα¯ (B.72)
bab¯b = (ba)α¯β¯(b¯b)αβg
0αβ¯g0 βα¯. (B.73)
Observe that in components, we have
Kij =
∫
Y
ωiωj − (ωig)(ωjg) (B.74)
which leads to
Pij = −Kij + 1
2
∫
Y
ωiωj. (B.75)
Writing (B.22) in components, we find
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gij = − 1
4K
∫
Y
ωiωj (B.76)
Pij = −Kij − 2Kgij = +2Kgij − 1
4KKiKj . (B.77)
where we have used (B.24) for the last equation.
B.5 Moduli space
For a detailed account of the moduli space of Calabi-Yau threefold, see [93]. One of the main
results is that the moduli space M splits into the product of two spaces : M1,1 corresponds to
the deformations of the Ka¨hler class , which are parameterized by the harmonic (1, 1)-forms, and
M2,1 corresponds to the deformations of the complex structure, parameterized by the harmonic
(2, 1)-forms. Both spaces are special Ka¨hler [94]. The whole moduli space is thus
M =M1,1 ×M2,1. (B.78)
B.5.1 Ka¨hler class moduli space
M1,1 describes the sector of the scalars of the vector multiplets for type IIA, and the sector of
the scalars of hypermultiplets for type IIB. Recall that the NS-NS 2-form B2 is present in type
IIA and type IIB, and that it combines with the Ka¨hler class in the following way (2.56)
B2 + iJ −→ ti = bi + ivi (B.79)
The metric for this sector is
gij =
1
4K
∫
ωi ∧ ∗ωj = − 1
4K
(
Kij − 1
4KKiKj
)
; (B.80)
from this we deduce that it is Ka¨hler with Ka¨hler potential K
e−K = 8K . (B.81)
This potential can be written in terms of a prepotential F
e−K = i
(
X¯IFI −XIF¯I
)
, FI ≡ ∂
∂XI
F (B.82)
with
F = − 1
3!
KijkXiXjXk
X0
. (B.83)
Here the index I is running from 0 to h1,1, and we have defined the XI in terms of the spe-
cial coordinates ti as XI = (1, ti). The potential (B.82) has a symplectic invariance and the
corresponding manifold is called Special Ka¨hler.
The vectors of the vector multiplets in type IIA couple through a matrix N given below.
This matrix is also the one appearing in the hypermultiplet sector of type IIB. It is defined by
NIJ = F¯IJ + 2i
XP ImFPQXQ ImFIKX
KImFJLXL (B.84)
and its real and imaginary parts are
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ReN00 = −1
3
Kijkbibjbk , ImN00 = −K+
(
Kij − 1
4
KiKj
K
)
bibj ,
ReNi0 = 1
2
Kijkbjbk , ImNi0 = −
(
Kij − 1
4
KiKj
K
)
bj , (B.85)
ReNij = −Kijkbk , ImNij =
(
Kij − 1
4
KiKj
K
)
,
We will also need the inverse of the imaginary part of N
(ImN )−1 = − 1K

 1 b
i
bi g
ij
4 + b
ibj

 (B.86)
and the inverse metric has the explicit form
gij = −4K
(
Kij − v
ivj
2K
)
(B.87)
in terms of Kij defined by
KijKjk = δik. (B.88)
Multiplying (B.88) by vk, we also obtain the following useful relation
KijKj = vi. (B.89)
B.5.2 Complex structure moduli space
According to Kodaira’s formula [95], ∂∂zaΩ is in H
3,0 +H2,1
∂
∂za
Ω = kaΩ+ iηa. (B.90)
where ηa is the basis for (2, 1)-forms used in (B.52). The metric for the scalars z
a was found in
(2.35), and can be rewritten
gab¯ = −
i
K||Ω||2
∫
Y
ηa ∧ η¯b. (B.91)
From this and (B.90) we deduce that the metric for complex structure deformations gab is also
Ka¨hler with Ka¨hler potential given by
e−K = i
∫
Y
Ω ∧ Ω¯ = K ||Ω||2. (B.92)
It is argued that Ω can be taken homogeneous of degree one [93], so the coordinates zA in the
expansion (B.29) are actually projective. Again this potential can be written in terms of a
prepotential F as
e−K = i
(
z¯AFA − zAF¯A
)
, FA ≡ ∂
∂zA
F (B.93)
where FA, the one appearing in (B.29), is a function of the zA. The moduli space for the Ka¨hler
class deformations is thus Special Ka¨hler.
In order to evaluate the integrals in the reduction we need to recall that the Hodge-dual
basis (∗αA, ∗βA) is related to (αA, βA) via
∗αA = AAB αB +BAB βB , ∗βA = CAB αB +DAB βB , (B.94)
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where A, B, C, D are some unknown matrices. The relation∫
αA ∧ ∗βB =
∫
βB ∧ ∗αA (B.95)
implies
AA
B = −DBA, (B.96)
and similarly it can be obtained that B and C are symmetric. Following [96–99], we will show
that these matrices can be expressed in terms of the moduli. To this end, we start by noticing
the identities
∗Ω = −iΩ (B.97)
∗π = +iπ (B.98)
for the (3, 0)-form Ω and any (2, 1)-form π. (B.97) can be expressed directly using the expansion
(B.29) and the definitions (B.94)
zAAA
B −FACAB = −izB (B.99)
zABAB + FAABA = iFB . (B.100)
Since the forms ηa are (2, 1), they do not contribute to the integral∫
Y
∂aΩ ∧ Ω¯ = ka
∫
Y
Ω ∧ Ω¯ (B.101)
which enables us to evaluate ka
ka =
1
< z|z¯ > ImFaB z¯
B = −∂aK (B.102)
where we defined the inner product
< F, G¯ >= ImFABFAG¯B (B.103)
and we have used formula (A.48) for homogeneous functions. Adapting the argument in [93] to
the coordinate z0, we know that ∂
∂z0
Ω ∈ H3,0 +H2,1, and we define the (2, 1) piece by
∂
∂z0
Ω =
1
< z|z¯ >ImF0B z¯
BΩ+ iη0. (B.104)
With the general expression
∂
∂zA
Ω = αA −FABβB (B.105)
one can expand ηa on the (αA , β
B) basis, and imposing (B.98) for ηA, we find the equations
AA
B −FACCCB = iδBA −
2i
< z|z¯ >ImFAC z¯
CzB (B.106)
BAB + FACABC = −iFAB + 2i
< z|z¯ > ImFAC z¯
CFB . (B.107)
Remark that multiplying (B.106) and (B.107) by zA one recovers (B.99) and (B.100). Separating
the real and imaginary parts of (B.106) and (B.107) we find the expressions of the matrices
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AA
B = −ReFAC
(
ImF−1)CB + z¯BFA + zBF¯A
< z|z¯ > (B.108)
BAB = ImFAB +ReFAC
(
ImF−1)CD ReFDB − F¯AFB + FAF¯B
< z|z¯ > (B.109)
CAB = − (ImF−1)AB + z¯AzB + zAz¯B
< z|z¯ > . (B.110)
We introduce the matrix M
MAB = F¯AB + 2i
< z|z > ImFACz
CImFBDzD (B.111)
and we give the expression of A,B,C in terms of M
A = (ReM) (ImM)−1 ,
B = − (ImM)− (ReM) (ImM)−1 (ReM) ,
C = (ImM)−1 . (B.112)
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Appendix C
Type II supergravities on CY3 with
NS-form fluxes
C.1 Type IIA with NS fluxes
In this section we briefly recall the results of [7] for the compactification of type IIA supergravity
on Calabi-Yau three-folds Y when background NS fluxes are turned on.
The bosonic spectrum of type IIA supergravity in ten dimensions features the following
fields: the graviton gˆMN , a two-form Bˆ2 and the dilaton φˆ in the NS-NS sector and a one form
Aˆ1 and a three-form Cˆ3 in the RR sector. The action governing the interactions of these fields
can be written as [3]
S =
∫
e−2φˆ
(
−1
2
Rˆ ∗1+ 2dφˆ ∧ ∗dφˆ− 1
4
Hˆ3 ∧ ∗Hˆ3
)
−1
2
∫ (
Fˆ2 ∧ ∗Fˆ2 + Fˆ4 ∧ ∗Fˆ4
)
+
1
2
∫
Hˆ3 ∧ Cˆ3 ∧ dCˆ3 , (C.1)
where
Hˆ3 = dBˆ2 , Fˆ2 = dAˆ1 , Fˆ4 = dCˆ3 − Aˆ1 ∧ Hˆ3. (C.2)
Upon compactification on a Calabi-Yau three-fold the four-dimensional spectrum can be read
from the expansion of the ten-dimensional fields in the Calabi-Yau harmonic forms
Aˆ1 = A
0 ,
Cˆ3 = C3 +A
i ∧ ωi + ξAαA + ξ˜AβA , (C.3)
Bˆ2 = B2 + b
iωi .
Correspondingly, in D = 4 we find a three-form C3, a two-form B2, the vector fields (A
0, Ai)
and the scalars bi, ξA, ξ˜A. Together with the Ka¨hler class and complex structure deforma-
tions vi and za these fields combine into a gravity multiplet (Gµν , A
0), h(1,1) vector multiplets
(Ai, vi, bi), i = 1, . . . , h(1,1), h(1,2) hyper-multiplets (za, ξa, ξ˜a), a = 1, . . . , h
(1,2) and a tensor
multiplet (B2, φ, ξ
0, ξ˜0).
We assume that turning on background fluxes does not change the light spectrum and thus
the only modification in the KK Ansatz is a shift in the field strength of Bˆ2
Hˆ3 = H3 + db
i ∧ ωi + pAαA + qAβA . (C.4)
This leads to the following expressions for the different terms appearing in the ten-dimensional
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action (2.36)
− 1
4
∫
Y
Hˆ3 ∧ ∗Hˆ3 = −K
4
H3 ∧ ∗H3 −Kgijdbi ∧ ∗dbj − V ∗ 1 ,
−1
2
∫
Y
Fˆ2 ∧ ∗Fˆ2 = −K
2
dA0 ∧ ∗dA0 ,
−1
2
∫
Y
Fˆ4 ∧ ∗Fˆ4 = −K
2
(dC3 −A0 ∧H3) ∧ ∗(dC3 −A0 ∧H3) (C.5)
−2Kgij(dAi −A0dbi) ∧ ∗(dAj −A0dbj)
+
1
2
(
ImM−1)AB [Dξ˜A +MACDξC] ∧ ∗[Dξ˜B + M¯BDDξD] ,
1
2
∫
Y
Hˆ3 ∧ Cˆ3 ∧ dCˆ3 = −1
2
H3 ∧ (ξAdξ˜A − ξ˜AdξA) + 1
2
dbi ∧Aj ∧ dAkKijk
+dC3 ∧
(
pAξ˜A − qAξA
)
.
Even from this stage one can notice that some of the fields effectively became charged
DξA = dξA − pAA0 , Dξ˜A = dξ˜A − qAA0 , (C.6)
and a potential term is induced
V = −1
4
e−φˆ (q +Mp) ImM−1 (q + M¯p) . (C.7)
1
Next, the compactification proceeds as usually by dualizing the fields C3 and B2 to a constant
and to a scalar respectively. We do not perform these steps here, but we just recall the final
results. (for more details see [7, 64]). First the dualization of C3 to a constant e results in
Le = LC3 = −
e4φ
2K
(
pAξ˜A − qAξA + e
)2 ∗ 1+ (pAξ˜A − qAξA + e)A0 ∧H3 . (C.8)
It was shown in [7] that the constant e plays a special role in the case of RR fluxes. however,
it is irrelevant for the analysis in this paper and thus we will set it to zero. Dualizing now the
two-form B2, one obtains an axion, which due to the Green-Schwarz term in (C.8) becomes
charged and its covariant derivative reads
Da = da−
(
pAξ˜A − qAξA
)
A0. (C.9)
Collecting all terms one can write the final form of the action2
SIIA =
∫ [
− 1
2
R∗1− gijdti ∧ ∗dt¯j − huvDqu ∧ ∗Dqv − VIIA ∗ 1
+
1
2
ImNIJF I ∧ ∗F J + 1
2
ReNIJF I ∧ F J
]
, (C.10)
where the potential can be read from (C.7) and (C.8)
VIIA = − 1
4Ke
2φ (q +Mp) ImM−1 (q + M¯p)+ 1
2Ke
4φ
(
pAξ˜A − qAξA
)2
, (C.11)
1For a systematic study of the Calabi-Yau moduli space we refer the reader to the literature [15,93].
2We have further redefined the gauge fields as Ai −→ Ai − biA0 and also appropriately rescaled the metric in
order to go to the Einstein frame.
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while the metric for the hyper-scalars huv has the standard form of [22]
huvDq
u ∧ ∗Dqv = dφ ∧ ∗dφ+ gabdza ∧ ∗dz¯b (C.12)
+
e4φ
4
[
Da+ (ξ˜ADξ
A − ξADξ˜A)
]
∧ ∗
[
Da+ (ξ˜ADξ
A − ξADξ˜A)
]
−e
2φ
2
(
ImM−1)AB [Dξ˜A +MACDξC] ∧ ∗[Dξ˜B + M¯BDDξD] .
C.2 Type IIB with NS fluxes
In this section we recall the compactification of type IIB supergravity on a Calabi-Yau 3-folds
with NS 2-form fluxes. The only differences with section 2.3 appear in the expansions of the
field strengths which have to take into account H3 fluxes
Hˆ3 = H3 + db
i ∧ ωi + m˜AαA − e˜AβA. (C.13)
Consequently, Fˆ5 is also modified, according to
Fˆ5 = F˜
A ∧ αA − G˜AβA +
(
dDi2 − dbi ∧ C2 − ciH3
) ∧ ωi
+dρi ∧ ω˜i − cidbj ∧ ωi ∧ ωj (C.14)
with
F˜A = FA − m˜AC2 ; G˜A = GA − e˜AC2. (C.15)
The straightforward expansion reads
− 1
4
e−φˆ
∫
Y
Hˆ3 ∧ ∗Hˆ3 = −K
4
e−φˆH3 ∧ ∗H3 −Ke−φˆgijdbi ∧ ∗dbj
+
1
4
e−φˆ (e˜−Mm˜) ImM−1 (e˜− M¯m˜) ∗ 1 (C.16)
−1
2
e2φˆ
∫
Y
dlˆ ∧ ∗dlˆ = −K
2
e2φˆ dl ∧ ∗dl , (C.17)
−1
2
eφˆ
∫
Y
Fˆ3 ∧ ∗Fˆ3 = −K
2
eφˆ (dC2 − lH3) ∧ ∗(dC2 − lH3)
−2Keφˆgij(dci − ldbi) ∧ ∗(dcj − ldbj) (C.18)
+
1
2
eφˆl2 (e˜−Mm˜) ImM−1 (e˜− M¯m˜) ∗ 1 ,
−1
4
∫
Fˆ5 ∧ ∗Fˆ5 = +1
4
ImM−1
(
G˜−MF˜
)
∧ ∗
(
G˜− M¯F˜
)
−KgijdD˜i2 ∧ ∗dD˜j2 −
1
16Kg
ijdρ˜i ∧ ∗dρ˜j (C.19)
−1
2
∫
Aˆ4 ∧ Hˆ3 ∧ dCˆ2 = −1
2
KijkDi2 ∧ dbj ∧ dck −
1
2
ρi
(
dB2 ∧ dci + dbi ∧ dC2
)
+
1
2
C2 ∧
(
FAe˜A −GAm˜A
)
(C.20)
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where dD˜i2 and dρ˜i have been defined in (2.70) and (2.71). Since the sector of D
i
2 and ρi is not
modified by the fluxes, the elimination of Di2 is made in exactly the same way as in section 2.3.
However, the sector of C2 gets modified. We still add the duality Lagrangian
+
1
2
FA ∧GA (C.21)
which imposes the new self-duality condition
∗ G˜ = ReM∗ F˜ − ImMF˜ (C.22)
G˜ = ReMF˜ + ImM∗ F˜ (C.23)
as an equation of motion for GA. After elimination of GA, we obtain
LFA = +
1
2
ImMABF˜A ∧ ∗F˜B + 1
2
ReMABF˜A ∧ F˜B
+
1
2
e˜AC2 ∧
(
FA + F˜A
)
. (C.24)
It can be checked that this is compatible with the new component (2, 6) of the equation of
motion of Cˆ2 (2.75) which reads now
eφˆKd ∗ dC2 = −
(
FAe˜A −GAm˜A
)
+ dρi ∧ dbi. (C.25)
After the Weyl rescaling of the volume and the rotation of vi, the whole action is
S
(4)
IIB =
∫
−1
2
R ∗1− gabdza ∧ ∗dz¯b − gijdti ∧ ∗dt¯j − dφ ∧ ∗dφ
−1
4
e−4φdB2 ∧ ∗dB2 − 1
2
e−2φK (dC2 − ldB2) ∧ ∗ (dC2 − ldB2)
−1
2
Ke2φdl ∧ ∗dl − 2Ke2φgij
(
dci − ldbi) ∧ ∗ (dcj − ldbj)
−e
2φ
8K g
−1 ij
(
dρi −Kiklckdbl
)
∧ ∗ (dρj −Kjmncmdbn)
+
(
dbi ∧ C2 + cidB2
) ∧ (dρi −Kijkcjdbk)+ 1
2
KijkcicjdB2 ∧ dbk
+
1
2
ReMABF˜A ∧ F˜B + 1
2
ImMABF˜A ∧ ∗F˜B + 1
2
e˜A
(
FA + F˜A
)
∧ C2
+
1
2
e4φ
(
l2 +
e−2φ
2K
)
(e˜−Mm˜)A ImM−1AB
(
e˜− M¯m˜)
B
∗1 . (C.26)
We again want to dualize the 2-form C2 but it has become massive with a mass involving
only the magnetic fluxes. This is one of the reasons why the study of the magnetic fluxes is more
involved and will not be addressed in this thesis. From now on we consider only the electric
fluxes. C2 and B2 are thus massless and can be dualized to the scalars h1 and h2. We add first
+dC2 ∧ dh1 (C.27)
and the Lagrangian for C2 is
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LC2 = −
1
2
e−2φK (dC2 − ldB2) ∧ ∗ (dC2 − ldB2)
−bidC2 ∧ dρi + e˜AFA ∧ C2 + dC2 ∧ dh1. (C.28)
We eliminate dC2 with its equation of motion and we find
LC2 = −
1
2Ke
2φ
(
dh1 − bidρi − e˜AV A
) ∧ ∗ (dh1 − bjdρj − e˜AV A)
+ldB2 ∧
(
dh1 − bidρi − e˜AV A
)
. (C.29)
Repeating the same procedure with B2, we obtain the action for type IIB supergravity on a
Calabi-Yau manifold with electric NS fluxes
S
(4)
IIB =
∫
−1
2
R ∗1− gabdza ∧ ∗dz¯b − gijdti ∧ ∗dt¯j − dφ ∧ ∗dφ
−e
2φ
8K g
−1 ij
(
dρi −Kiklckdbl
)
∧ ∗ (dρj −Kjmncmdbn)
−2Ke2φgij
(
dci − ldbi) ∧ ∗ (dcj − ldbj)− 1
2
Ke2φdl ∧ ∗dl
− 1
2Ke
2φ
(
dh1 − bidρi − e˜AV A
) ∧ ∗ (dh1 − bjdρj − e˜AV A)
−e4φDh˜ ∧ ∗Dh˜
+
1
2
ReMABFA ∧ FB + 1
2
ImMABFA ∧ ∗FB
+
1
2
e4φ
(
l2 +
e−2φ
2K
)
e˜AImM−1AB e˜B ∗1 (C.30)
with
Dh˜ = dh2 + ldh1 + (c
i − lbi)dρi − le˜AV A − 1
2
Kijkcicjdbk. (C.31)
Applying the map described in section 2.4, we find
S
(4)
IIB =
∫
−1
2
R ∗1− gabdza ∧ ∗dz¯b − huvDqu ∧ ∗Dqv − VIIB ∗1
+
1
2
ReMABFA ∧ FB + 1
2
ImMABFA ∧ ∗FB , (C.32)
where the quaternionic metric is given by
huvDq
u ∧ ∗Dqv = gijdti ∧ ∗dt¯j + dφ ∧ ∗dφ (C.33)
−1
2
e2φImN−1 IJ
(
Dξ˜I +NIKDξK
)
∧ ∗
(
Dξ˜J + N¯JLDξL
)
+
1
4
e4φ
(
Da+ (ξ˜IDξ
I − ξIDξ˜I)
)
∧ ∗
(
Da+ (ξ˜IDξ
I − ξIDξ˜I)
)
,
while the potential reads
VIIB = −1
2
e4φ
(
l2 +
e−2φ
2K
)
e˜A
[
(ImM)−1]AB e˜B . (C.34)
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The presence of the electric fluxes has gauged some of the isometries of the hyperscalars as can
be seen from the covariant derivatives
Da = da− ξ0e˜AV A , Dξ˜0 = dξ˜0 + e˜AV A , Dξ˜i = dξ˜i , DξI = dξI . (C.35)
Appendix D
G-structures
In this section we assemble a few facts about G-structures as taken from the mathematical
literature where one also finds the proofs omitted here. (See, for example, [39–41,43,44,91,100].)
We concentrate on the example of manifolds with SU (3)-structure.
D.0.1 Almost Hermitian manifolds
Before discussing G-structures in general, let us recall the definition of an almost Hermitian
manifold. This allows us to introduce useful concepts, and, as we subsequently will see, provides
us with a classic example of a G-structure.
A manifold of real dimension 2n is called almost complex if it admits a globally defined
tensor field Jm
n which obeys
Jm
pJp
n = −δmn . (D.1)
A metric gmn on such a manifold is called Hermitian if it satisfies
Jm
pJn
rgpr = gmn . (D.2)
An almost complex manifold endowed with a Hermitian metric is called an almost Hermitian
manifold. The relation (D.2) implies that Jmn = Jm
pgpn is a non-degenerate 2-form which is
called the fundamental form.
On any even dimensional manifold one can locally introduce complex coordinates. However,
complex manifolds have to satisfy in addition that, first, the introduction of complex coordinates
on different patches is consistent, and second that the transition functions between different
patches are holomorphic functions of the complex coordinates. The first condition corresponds to
the existence of an almost complex structure. The second condition is an integrability condition,
implying that there are coordinates such that the almost complex structure takes the form
J =
(
i1n×n 0
0 −i1n×n
)
. (D.3)
The integrability condition is satisfied if and only if the Nijenhuis tensor Nmn
p vanishes. It is
defined as
Nmn
p = Jm
q (∂qJn
p − ∂nJqp)− Jnq (∂qJmp − ∂mJqp)
= Jm
q (∇qJnp −∇nJqp)− Jnq (∇qJmp −∇mJqp) ,
(D.4)
where ∇ denotes the covariant derivative with respect to the Levi–Civita connection.
One can also consider an even stronger condition where ∇mJnp = 0. This implies Nmnp = 0
but in addition that dJ = 0 and means we have a Ka¨hler manifold. In particular, it implies that
the holonomy of the Levi–Civita connection ∇ is U(n).
Even if there is no coordinate system where it can be put in the form (D.3), any almost com-
plex structure obeying (D.1) has eigenvalues ±i. Thus even for non-integrable almost complex
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structures one can define the projection operators
(P±)mn =
1
2
(δnm ∓ iJmn) , (D.5)
which project onto the two eigenspaces, and satisfy
P±P± = P± , P+P− = 0 . (D.6)
On an almost complex manifold one can define (p, q) projected components ωp,q of a real (p+q)-
form ωp+q by using (D.5)
ωp,qm1...mp+q = (P
+)m1
n1 . . . (P+)mp
np(P−)mp+1
np+1 . . . (P−)mp+q
np+qωp+qn1...np+q . (D.7)
Furthermore, a real (p+ q)-form is of the type (p, q) if it satisfies
ωm1...mpn1...nq = (P
+)m1
r1 . . . (P+)mq
rp(P−)n1
s1 . . . (P−)nq
sqωr1...sq . (D.8)
In analogy with complex manifolds we denote the projections on the subspace of eigenvalue
+i with an unbarred index α and the projection on the subspace of eigenvalue −i with a barred
index α¯. For example the hermitian metric of an almost Hermitian manifold is of type (1, 1) and
has one barred and one unbarred index. Thus, raising and lowering indices using this hermitian
metric converts holomorphic indices into anti-holomorphic ones and vice versa. Moreover the
contraction of a holomorphic and an anti-holomorphic index vanishes, i.e. given Vm which is of
type (1, 0) and W n which is of type (0, 1), the product VmW
m is zero. Similarly, on an almost
hermitian manifold of real dimension 2n forms of type (p, 0) vanish for p > n. Finally, derivatives
of (p, q)-forms pick up extra pieces compared to complex manifolds precisely because J is not
constant. One finds [91]
dω(p,q) = (dω)(p−1,q+2) + (dω)(p,q+1) + (dω)(p+1,q) + (dω)(p+2,q−1) . (D.9)
D.0.2 G-structures and G-invariant tensors
An orthonormal frame on a d-dimensional Riemannian manifold M is given by a basis of vectors
ei, with i = 1, . . . , d, satisfying e
m
i e
n
j gmn = δij. The set of all orthonormal frames is known as
the frame bundle. In general, the structure group of the frame bundle is the group of rotations
O(d) (or SO(d) is M is orientable). The manifold has a G-structure if the structure group of
the frame bundle is not completely general but can be reduced to G ⊂ O(d). For example, in
the case of an almost Hermitian manifold of dimension d = 2n, it turns out one can always
introduce a complex frame and as a result the structure group reduces to U(n).
An alternative and sometimes more convenient way to define G-structures is via G-invariant
tensors, or, if M is spin, G-invariant spinors. A non-vanishing, globally defined tensor or spinor
ξ is G-invariant if it is invariant under G ⊂ O(d) rotations of the orthonormal frame. In the case
of almost Hermitian structure, the two-form J is an U(n)-invariant tensor. Since the invariant
tensor ξ is globally defined, by considering the set of frames for which ξ takes the same fixed form,
one can see that the structure group of the frame bundle must then reduce to G (or a subgroup
of G). Thus the existence of ξ implies we have a G-structure. Typically, the converse is also true.
Recall that, relative to an orthonormal frame, tensors of a given type form the vector space for a
given representation of O(d) (or Spin(d) for spinors). If the structure group of the frame bundle
is reduced to G ⊂ O(d), this representation can be decomposed into irreducible representations
of G. In the case of almost complex manifolds, this corresponds to the decomposition under the
P± projections (D.5). Typically there will be some tensor or spinor that will have a component
in this decomposition which is invariant under G. The corresponding vector bundle of this
component must be trivial, and thus will admit a globally defined non-vanishing section ξ. In
other words, we have a globally defined non-vanishing G-invariant tensor or spinor.
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To see this in more detail in the almost complex structure example, recall that we had a
globally defined fundamental two-form J . Let us specialize for definiteness to a six-manifold,
though the argument is quite general. Two-forms are in the adjoint representation 15 of SO(6)
which decomposes under U(3) as
15 = 1+ 8+ (3+ 3¯) . (D.10)
There is indeed a singlet in the decomposition and so given a U(3)-structure we necessarily have a
globally defined invariant two-form, which is precisely the fundamental two-form J . Conversely,
given a metric and a non-degenerate two-form J , we have an almost Hermitian manifold and
consequently a U(3)-structure.
In this paper we are interested in SU (3)-structure. In this case we find two invariant tensors.
First we have the fundamental form J as above. In addition, we find an invariant complex
three-form Ω. Three-forms are in the 20 representation of SO(6), giving two singlets in the
decomposition under SU (3),
15 = 1+ 8+ 3+ 3¯ ⇒ J ,
20 = 1+ 1+ 3+ 3¯+ 6+ 6¯ ⇒ Ω = Ω+ + iΩ− . (D.11)
In addition, since there is no singlet in the decomposition of a five-form, one finds that
J ∧ Ω = 0 . (D.12)
Similarly, a six-form is a singlet of SU (3), so we also must have that J ∧ J ∧ J is proportional
to Ω ∧ Ω¯. The usual convention is to set
J ∧ J ∧ J = 3i
4
Ω ∧ Ω¯ , (D.13)
Conversely, a non-degenerate J and Ω satisfying (D.12) and (D.13) implies that M has SU (3)-
structure. Note that, unlike the U(n) case, the metric need not be specified in addition; the
existence of J and Ω is sufficient [61]. Essentially this is because, without the presence of a
metric, Ω defines an almost complex structure, and J an almost symplectic structure. Treating
J as the fundamental form, it is then a familiar result on almost Hermitian manifolds that
the existence of an almost complex structure and a fundamental form allow one to construct a
Hermitian metric.
We can similarly ask what happens to spinors for a structure group SU(3). In this case
we have the isomorphism Spin(6) ∼= SU (4) and the four-dimensional spinor representation
decomposes as
4 = 1+ 3 ⇒ η . (D.14)
We find one singlet in the decomposition, implying the existence of a globally defined invariant
spinor η. Again, the converse is also true. A metric and a globally defined spinor η implies that
M has SU (3)-structure.
D.0.3 Intrinsic torsion
One would like to have some classification of G-structures. In particular, one would like a gener-
alization of the notion of a Ka¨hler manifold where the holonomy of the Levi–Civita connection
reduces to U(n). Such a classification exists in terms of the intrinsic torsion. Let us start by
recalling the definition of torsion and contorsion on a Riemannian manifold (M,g).
Given any metric compatible connection ∇′ on (M,g), i.e. one satisfying ∇′mgnp = 0, one
can define the Riemann curvature tensor and the torsion tensor as follows
[∇′m,∇′n]Vp = −RmnpqVq − 2Tmnr∇′rVp , (D.15)
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where V is an arbitrary vector field. The Levi-Civita connection is the unique torsionless con-
nection compatible with the metric and is given by the usual expression in terms of Christoffel
symbols Γmn
p = Γnm
p. Let us denote by ∇ the covariant derivative with respect to the Levi-
Civita connection while a connection with torsion is denoted by ∇(T ). Any metric compatible
connection can be written in terms of the Levi-Civita connection
∇(T ) = ∇− κ , (D.16)
where κmn
p is the contorsion tensor. Metric compatibility implies
κmnp = −κmpn , where κmnp = κmnrgrp . (D.17)
Inserting (D.17) into (D.15) one finds a one-to-one correspondence between the torsion and the
contorsion
Tmn
p =
1
2
(κmn
p − κnmp) ≡ κ[mn]p ,
κmnp = Tmnp + Tpmn + Tpnm .
(D.18)
These relations tell us that given a torsion tensor T there exist a unique connection ∇(T ) whose
torsion is precisely T .
Now suppose M has a G-structure. In general the Levi-Civita connection does not preserve
the G-invariant tensors (or spinor) ξ. In other words, ∇ξ 6= 0. However, one can show [41], that
there always exist some other connection ∇(T ) which is compatible with the G structure so that
∇(T )ξ = 0 . (D.19)
Thus for instance, on an almost Hermitian manifold one can always find∇(T ) such that ∇(T )J =
0. On a manifold with SU (3)-structure, it means we can always find ∇(T ) such that both
∇(T )J = 0 and ∇(T )Ω = 0. Since the existence of an SU (3)-structure is also equivalent to the
existence of an invariant spinor η, this is equivalent to the condition ∇(T )η = 0.
Let κ be the contorsion tensor corresponding to ∇(T ). From the symmetries (D.17), we
see that κ is an element of Λ1 ⊗ Λ2 where Λn is the space of n-forms. Alternatively, since
Λ2 ∼= so(d), it is more natural to think of κmnp as one-form with values in the Lie-algebra so(d)
that is Λ1 ⊗ so(d). Given the existence of a G-structure, we can decompose so(d) into a part in
the Lie algebra g of G ⊂ SO(d) and an orthogonal piece g⊥ = so(d)/g. The contorsion κ splits
accordingly into
κ = κ0 + κg , (D.20)
where κ0 is the part in Λ1⊗g⊥. Since an invariant tensor (or spinor) ξ is fixed under G rotations,
that action of g on ξ vanishes and we have, by definition,
∇(T )ξ = (∇− κ0 − κg) ξ = (∇− κ0) ξ = 0 . (D.21)
Thus, any two G-compatible connections must differ by a piece proportional to κg and they
have a common term κ0 in Λ1 ⊗ g⊥ called the “intrinsic contorsion”. Recall that there is an
isomorphism (D.18) between κ and T . It is more conventional in the mathematics literature to
define the corresponding torsion
T 0mn
p = κ0[mn]
p ∈ Λ1 ⊗ g⊥ , (D.22)
known as the intrinsic torsion.
From the relation (D.21) it is clear that the intrinsic contorsion, or equivalently torsion, is
independent of the choice of G-compatible connection. Basically it is a measure of the degree to
which ∇ξ fails to vanish and as such is a measure solely of the G-structure itself. Furthermore,
one can decompose κ0 into irreducible G representations. This provides a classification of G-
structures in terms of which representations appear in the decomposition. In particular, in the
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special case where κ0 vanishes so that ∇ξ = 0, one says that the structure is “torsion-free”. For
an almost Hermitian structure this is equivalent to requiring that the manifold is complex and
Ka¨hler. In particular, it implies that the holonomy of the Levi–Civita connection is contained
in G.
Let us consider the decomposition of T 0 in the case of SU(3)-structure. The relevant repre-
sentations are
Λ1 ∼ 3⊕ 3¯ , g ∼ 8 , g⊥ ∼ 1⊕ 3⊕ 3¯ . (D.23)
Thus the intrinsic torsion, which is an element of Λ1 ⊗ su(3)⊥, can be decomposed into the
following SU(3) representations
Λ1 ⊗ su(3)⊥ = (3⊕ 3¯)⊗ (1⊕ 3⊕ 3¯)
= (1⊕ 1)⊕ (8⊕ 8)⊕ (6⊕ 6¯)⊕ (3⊕ 3¯)⊕ (3⊕ 3¯)′ . (D.24)
The terms in parentheses on the second line correspond precisely to the five classes W1, . . . ,W5
presented in table 3.1. We label the component of T 0 in each class by T1, . . . , T5.
In the case of SU (3)-structure, each component Ti can be related to a particular component
in the SU (3) decomposition of dJ and dΩ. From (D.21), we have
dJmnp = 6T
0
[mn
rJr|p] ,
dΩmnpq = 12T
0
[mn
rΩr|pq] .
(D.25)
Since J and Ω are SU (3) singlets, dJ and dΩ are both elements of Λ1⊗su(3)⊥. Put another way,
the contractions with J and Ω in (D.25) simply project onto different SU (3) representations of
T 0. We can see which representations appear simply by decomposing the real three-form dJ
and complex four-form dΩ under SU (3). We have,
dJ =
[
(dJ)3,0 + (dJ)0,3
]
+
[
(dJ)2,10 + (dJ)
1,2
0
]
+
[
(dJ)1,0 + (dJ)0,1
]
,
20 = (1⊕ 1)⊕ (6⊕ 6¯)⊕ (3⊕ 3¯) , (D.26)
and
dΩ = (dΩ)3,1 + (dΩ)2,20 + (dΩ)
0,0 ,
24 = (3⊕ 3¯)′ ⊕ (8⊕ 8)⊕ (1⊕ 1) . (D.27)
The superscripts in the decomposition of dJ and dΩ refer to the (p, q)-type of the form. The
0 subscript refers to the irreducible SU (3) representation where the trace part, proportional
to Jn has been removed. Thus in particular, the traceless parts (dJ)2,10 and (dΩ)
2,2
0 satisfy
J ∧ (dJ)2,10 = 0 and J ∧ (dΩ)2,20 = 0 respectively. The trace parts on the other hand, have the
form (dJ)1,0 = α∧ J and (dΩ)0,0 = βJ ∧ J , with α ∼ ∗(J ∧ dJ) and β ∼ ∗(J ∧ dΩ) respectively.
Note that a generic complex four-form has 30 components. However, since Ω is a (3, 0)-form,
from (D.9) we see that dΩ has no (1, 3) part, and so only has 24 components. Comparing (D.26)
and (D.27) with (D.24) we see that
dJ ∈ W1 ⊕W3 ⊕W4 , dΩ ∈ W1 ⊕W2 ⊕W5 , (D.28)
and as advertised, dJ and dΩ together include all the components Ti. Explicit expressions for
some of these relations are given above in (3.26) and (3.29). Note that the singlet component
T1 can be expressed either in terms of (dJ)
0,3, corresponding to Ω ∧ dJ or in terms of (dΩ)0,0
corresponding to J ∧ dΩ. This is simply a result of the relation (D.12) which implies that
Ω ∧ dJ = J ∧ dΩ.
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Appendix E
The Ricci scalar of half-flat manifolds
The Riemann curvature tensor is defined as
Rmnp
q = ∂mφnp
q − ∂nφmpq − φmprφnrq + φnprφmrq, (E.1)
where φ denotes a general connection that contains two contributions φmn
p = Γmn
p + κmn
p
where Γmn
p = Γnm
p denote the Christoffel symbols and κmn
p is the contorsion, out of which we
define the torsion
Tmn
p =
1
2
(κmn
p − κnmp) (E.2)
κmnp = Tmnp + Tpmn + Tpnm. (E.3)
For the Ricci tensor we use Rnp = Rnmp
m. The simplest way to derive the Ricci scalar for the
manifold considered in section 3.2.1 is by using the integrability condition one can derive from
the Killing spinor equation (3.14).
R(T )mnpqΓ
pqη = 0, (E.4)
where the Riemann tensor of the connection with torsion is given by (E.1)
R(T )mnpq = R(Γ)mnpq +∇mκnpq −∇nκmpq − κmprκnrq + κnprκmrq . (E.5)
Here R(Γ)mnpq represents the usual Riemann tensor for the Levi-Civita connection and the
covariant derivatives are again with respect to the Levi-Civita connection. For definiteness we
choose the solution of the Killing spinor equation (3.14) to be a Majorana spinor.1 Multiplying
(E.4) by Γn and summing over n one obtains
R(T )mnpqΓ
npqη − 2R(T )mnΓnη = 0 . (E.6)
Contracting from the left with η†Γm and using the conventions for the Majorana spinors (A.33)
one derives
2R(T ) = R(T )mnpqη
†Γmnpqη . (E.7)
where R(T ) represents the Ricci scalar which can be defined from the Riemann tensor (E.5).
Expressing R
(T )
mnpq in terms of R(Γ)mnpq from (E.5), using the Bianchi identity R(Γ)m[npq] = 0
and the fact that the contorsion is traceless κmn
m = κmmn = 0 which holds for half flat manifolds
one can derive the formula for the Ricci scalar of the Levi-Civita connection
R = −κmnpκnpm − 1
2
ǫmnpqrs(∇mκnpq − κmplκnlq)Jrs . (E.8)
In order to simplify the formulas we evaluate (E.8) term by term. The strategy will be to
express first the contorsion κ in terms of the torsion T (E.3) and then go to complex indices
1The results are independent of the choice of the spinor, but the derivations may be more involved.
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splitting the torsion in its component parts T1⊕2 and T3 which are of definite type with respect
to the almost complex structure J .
The first term can be written as
A ≡ −κmnpκnpm = −(Tmnp + Tpmn + Tpnm)T npm = TmnpTmnp − 2TmnpT npm. (E.9)
Using (3.27) and (3.29) one sees that the first two indices of T are of the same type and thus
one has
A = (T1⊕2)αβγ(T1⊕2)αβγ − 2(T1⊕2)αβγ(T1⊕2)βγα + (T3)αβγ¯(T3)αβγ¯ + c.c. , (E.10)
where c.c. denotes complex conjugation.
The second term can be computed if one takes into account that the 4 dimensional effective
action appears after one integrates the 10 dimensional action over the internal space, in this
case Yˆ . Thus the second term in (E.8) can be integrated by parts to give2
B ≡ −1
2
ǫmnpqrs(∇mκnpq)Jrs ∼ 1
2
ǫmnpqrsκnpq∇mJrs. (E.11)
Using (3.15) and (D.18) we obtain after going to complex indices
B = −ǫmnpqrsTmnpTqrtJts (E.12)
= −ǫαβγα¯β¯γ¯(T1⊕2)αβγ(T1⊕2)α¯β¯δJδγ¯ − ǫαβγ¯α¯β¯γ(T3)αβγ¯(T3)α¯β¯ δ¯Jδ¯γ + c.c. .
The 6 dimensional ǫ symbol splits as
ǫαβγα¯β¯γ¯ = −iǫαβγǫα¯β¯γ¯ , (E.13)
and after some algebra involving the 3 dimensional ǫ symbol one finds
B = −2(T1⊕2)αβγ(T1⊕2)αβγ − 4(T1⊕2)αβγ(T1⊕2)βγα − 2(T3)αβγ¯(T3)αβγ¯ + c.c. . (E.14)
In the same way one obtains for the last term
C ≡ 1
2
ǫmnpqrsκmp
tκntqJrs = 2(T1⊕2)αβγ(T1⊕2)αβγ + 2(T3)αβγ¯(T3)αβγ¯ + c.c. . (E.15)
Collecting the results from (E.10), (E.14) and (E.15) the formula for the Ricci scalar (E.8)
becomes
R = (T1⊕2)αβγ(T1⊕2)αβγ − 6(T1⊕2)αβγ(T1⊕2)βγα + (T3)αβγ¯(T3)αβγ¯ + c.c. . (E.16)
The first two terms in the above expression can be straightforwardly computed using (3.27),
(3.38) and
(T1⊕2)αβγ =
ei
4||Ω||2 (ω˜
i)αβα¯β¯Ω
α¯β¯
γ . (E.17)
After a little algebra we find
(T1⊕2)αβγ(T1⊕2)αβγ =
eiej
8||Ω||2 (ω˜
i)αβα¯β¯(ω˜
j)αβα¯β¯ (E.18)
(T1⊕2)αβγ(T1⊕2)βγα = − eiej
8||Ω||2 (ω˜
i)αβα¯β¯(ω˜
j)αβα¯β¯ − eiej
4||Ω||2 (∗ω˜
i)αβ¯(∗ω˜j)β¯α +
(eiv
i)2
4||Ω||2K2 .
In order to obtain the above expressions we have used (B.20) and [92]
2Strictly speaking in 10 dimensions the Ricci scalar comes multiplied with a dilaton factor (3.48). However
in all that we are doing we consider that the dilaton is constant over the internal space so it still make sense to
speak about integration by parts without introducing additional factors with derivatives of the dilaton.
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(ω˜i)αββ¯
β = −igαβ¯(∗ω˜i)γγ¯gγγ¯ + i(∗ω˜i)αβ¯ (E.19)
(ω˜i)αβ
αβ =
2vi
K . (E.20)
Integrating (E.18) over Yˆ we obtain
∫
Yˆ
(T1⊕2)αβγ(T1⊕2)αβγ =
eiejg
ij
8||Ω||2K , (E.21)∫
Yˆ
(T1⊕2)αβγ(T1⊕2)βγα = − eiejg
ij
16||Ω||2K +
(eiv
i)2
4||Ω||2K .
Finally, we have to compute the third term in (E.16). For this we note that, since dJ is in
W−1 +W
−
2 +W3, the torsions T12 and T3 both appear in (3.46). Projecting (3.46) on the (3, 0)
component, we find a relation between T12 and β
0|(3,0), which using the explicit expression for
the torsion (E.17) can be written
β0αβγ = −
i
K||Ω||2Ωαβγ . (E.22)
The (2, 1) component gives T3 in terms of the (2, 1) part of β
0
(T3)αβγ¯ = − i
2
viei β
0
αβγ¯ . (E.23)
To obtain an explicit expression for the third term in (E.16), we compute the following
quantity ∫
Yˆ
β0 ∧ ∗β0 = 2K||Ω||2 +
∫
Yˆ
β0αβγ¯β
0αβγ¯ . (E.24)
On the other hand, the same integral appears in∫
β0 ∧ ∗β0 = − [(ImM)−1]00 = 8||Ω||2K . (E.25)
The simplest way to see this is by using a mirror symmetry argument. We know that under
mirror symmetry the gauge couplingsM and N are mapped into one another. This also means
that (ImM)−1 is mapped into (ImN )−1 and this matrix is given in (B.86) for a Calabi-Yau
space. From here one sees that the element
[
(ImN )−1]00 is just the inverse volume of the mirror
Calabi-Yau space. Using again mirror symmetry and the fact that the Ka¨hler potential of the
Ka¨hler moduli (B.81) is mapped into the Ka¨hler potential of the complex structure moduli
(B.92) we end up with the RHS of the above equation.
Now we obtain ∫
Yˆ
(T3)αβγ¯(T3)
αβγ¯ =
3
2
(eiv
i)2
||Ω||2K . (E.26)
Inserting (E.21) and (E.26) into (E.16) and taking into account that all the terms in (E.21)
and (E.26) are explicitly real such that the term ’c.c.’ in (E.16) just introduces one more factor
of 2, we obtain the final form of the Ricci scalar
R = −1
8
eiejg
ij
[
(ImM)−1]00 , (E.27)
where we have used again (E.25).
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Appendix F
Display of torsion and curvature
components
The conventional constraints compatible with the assumptions (4.15 – 4.16) and (4.21) are the
following:
TCγ b
a = 0 T γ˙C b
a = 0
TCγ
B
β
α
A = 0 T
γ˙
C
β˙
B
A
α˙ = 0
TCγ
β˙
B
A
α˙ = 0 T
γ
C
B
β˙
α˙
A = 0
Tc
B
α
α
A = 0 Tc
α˙
B
A
α˙ = 0
Tcb
a = 0 .
(F.1)
There is a particular solution of the Bianchi identities for the torsion and 3–form subject
to the constraints (4.15 – 4.18), (4.20 – 4.21) and (F.1), which describes the N-T supergravity
multiplet. Besides the constant T γ˙C
B
β
a and the supercovariant field strength of the gravipho-
tons, Tcb
u
.
= Fcb
u, the non-zero torsion components corresponding to this solution are then the
following:
TCγ
B
β
u = 4ǫγβt
[CB]ueφ T γ˙C
β˙
B
u = 4ǫγ˙β˙t[CB]
ueφ
TCγ
B
β
A
α˙ = qǫγβε
CBAFλ¯Fα˙ T
γ˙
C
β˙
B
α
A = qǫ
γ˙β˙εCBAFλ
Fα
TCγ b
u = ieφ(σbλ¯A)γt
[AC]u T γ˙C b
u = ieφ(σ¯bλ
A)γ˙t[AC]
u
TCγ b
α
A = −2(σba)γαUaCA T γ˙C bAα˙ = 2(σ¯ba)γ˙ α˙UaAC
TCγ b
A
α˙ =
i
2 (σbσ¯
dc)γα˙Fdc
[CA]e−φ T γ˙C bαA =
i
2(σ¯bσ
dc)γ˙αFdc[CA]e
−φ
TcbAα = −(ǫσcb)γβΣ(γβα)A TcbAα˙ = −(ǫσ¯cb)γ˙β˙Σ(γ˙β˙α˙)A
−14tr(σ¯cbσ¯af )F af [AF]λFα −14tr(σcbσaf )F af [AF]λ¯α˙F
− 112
(
δafcb − i2εcbaf
)
P¯a(σf λ¯A)α − 112
(
δafcb +
i
2εcb
af
)
Pa(σ¯fλ
A)α
(F.2)
with Ua
B
A = − i8(λBσaλ¯A− 12δBAλFσaλ¯F), P and P¯ are given in equations (4.40) and (4.41), while
Σ(γβα)A and Σ
(γ˙β˙α˙)A are the gravitino ”Weyl” tensors.
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Furthermore, the Lorentz curvature has components
RDCδ γ ba = 2ǫδγtr(σdcσba)F
dc[DC]e−φ Rδ˙ γ˙DCba = 2ǫδ˙γ˙tr(σ¯dcσ¯ba)F dc[DC]e−φ
Rδ˙ C
D γ ba = −4ǫdcbaUdDC(σcε)γ δ˙ RCu ba = 0
RDδ cba = −2i(σc)δα˙(ǫσ¯ba)γ˙β˙Σ(γ˙β˙α˙)D Rδ˙Dcba = −2i(σ¯c)αδ˙(ǫσba)γβΣ(γβα)D
− i2tr(σbaσef )(σcλ¯A)δF ef [DA]e−φ − i2tr(σ¯baσ¯ef )(σ¯cλA)δ˙F ef [DA]e−φ
+ i4(σcσ¯eσbaλ
D)δP
e + i4(σ¯cσeσ¯baλ¯D)
δ˙P¯ e
(F.3)
and
Rdcba = (ǫσdc)
δγ(ǫσba)
βαV(δγβα) + (ǫσ¯dc)δ˙γ˙(ǫσ¯ba)β˙α˙V
(δ˙γ˙β˙α˙)
+
1
2
(ηdbRca − ηdaRcb + ηcaRdb − ηcbRda)− 1
6
(ηdbηca − ηdaηcb)R (F.4)
with the supercovariant Ricci tensor, Rdb = Rdcbaη
ca, given by
Rdb = −2DdφDbφ− 1
2
e−4φH∗d H
∗
b − e−2φFdf [BA]Fbf [BA] +
1
4
ηdbe
−2φFef [BA]F ef [BA]
+
1
8
∑
db
{
i(DbλF)σdλ¯F − iλFσdDbλ¯F + e−2φH∗d(λFσbλ¯F)
}
− 1
32
(λFσdλ¯F) (λ
Aσbλ¯A)− 1
16
ηdb(λ
AλF)(λ¯Aλ¯F) (F.5)
and the corresponding Ricci scalar, R = Rdbη
db, which is then
R = −2DaφDaφ− 1
2
H∗aH∗ae−4φ +
3
4
e−2φH∗a(λAσaλ¯A) +
3
8
(λBλA)(λ¯Bλ¯A). (F.6)
The tensors V(δγβα) and V
(δ˙γ˙β˙α˙) are components of the usual Weyl tensor. Like the gravitino
Weyl tensors, Σ(γβα)A and Σ
(γ˙β˙α˙)A, their lowest components do not participate in the equations
of motion.
As for the 2–form sector, besides the supercovariant field strength of the antisymmetric
tensor, Hcba, the non-zero components of the 3–form H, which do not have central charge
indices, are
H γ˙C
B
βa = −2iδBC(σaǫ)βγ˙e2φ HCγ ba = 4(σbaλC)γe2φ H γ˙Cba = 4(σ¯baλ¯C)γ˙e2φ . (F.7)
The components with at least one central charge index, are related to the torsion components
by
HDCu = TDCzgzu, (F.8)
with the metric gzu defined in (4.34).
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